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This article studies the infinite-width limit of deep feedforward neural networks whose weights
are dependent, and modelled via a mixture of Gaussian distributions. Each hidden node of the
network is assigned a nonnegative random variable that controls the variance of the outgoing
weights of that node. We make minimal assumptions on these per-node random variables: they
are iid and their sum, in each layer, converges to some finite random variable in the infinite-width
limit. Under this model, we show that each layer of the infinite-width neural network can be
characterised by two simple quantities: a non-negative scalar parameter and a Lévy measure on
the positive reals. If the scalar parameters are strictly positive and the Lévy measures are trivial
at all hidden layers, then one recovers the classical Gaussian process (GP) limit, obtained with
iid Gaussian weights. More interestingly, if the Lévy measure of at least one layer is non-trivial,
we obtain a mixture of Gaussian processes (MoGP) in the large-width limit. The behaviour of
the neural network in this regime is very different from the GP regime. One obtains correlated
outputs, with non-Gaussian distributions, possibly with heavy tails. Additionally, we show that,
in this regime, the weights are compressible, and some nodes have asymptotically non-negligible
contributions, therefore representing important hidden features. Many sparsity-promoting neural
network models can be recast as special cases of our approach, and we discuss their infinite-
width limits; we also present an asymptotic analysis of the pruning error. We illustrate some
of the benefits of the MoGP regime over the GP regime in terms of representation learning and
compressibility on simulated, MNIST and Fashion MNIST datasets.
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1. Introduction

Two decades after the seminal work of Radford Neal (1996), the last few years have seen a renewed
and growing interest in the analysis of (deep) neural networks, with random weights, in the infinite-
width limit. When the weights are independently, identically distributed (iid) and suitably scaled
Gaussian random variables, the random function associated to this random neural network converges
to a Gaussian process (Neal, 1996; Lee et al., 2018; Matthews et al., 2018; Yang, 2019; Bracale
et al., 2021). The connection to Gaussian processes has deepened our understanding of large neural
networks, and motivated the use of Bayesian or kernel regression inference methods (Lee et al., 2018)
or the development of kernel methods for training via gradient descent (Jacot et al., 2018) in the
infinite-width limit.

While insightful, the Gaussian process connection also highlighted some of the limitations of large-
width neural networks with iid Gaussian weights. As already noted by Neal (1995), “with Gaussian
priors the contributions of individual hidden units are all negligible, and consequently, these units
do not represent ‘hidden features’ that capture important aspects of the data.” Additionally, the
different dimensions of the output of the neural network become independent Gaussian processes in
the infinite-width limit, which is generally undesirable. Finally, from a Bayesian perspective, the
Gaussian independence assumption on weights is often seen as unrealistic: estimated weights of deep
neural networks generally exhibit dependencies and heavy tails (Martin and Mahoney, 2019; Wenzel
et al., 2020; Fortuin et al., 2021), and thus a family of prior distributions which allow for heavy
tails is desirable. To alleviate some of these limitations, iid non-Gaussian random weights have been
considered, either assuming stable (Neal, 1996; Der and Lee, 2006; Favaro et al., 2020), or more
generally light-tailed /heavy-tailed distributions (Jung et al., 2023). However, due to the same iid
assumption, some of the above limitations pertain, such as independence of the dimensions of the
output.

We consider a more structured distribution on the weights of the neural network. We assume
that weights emanating from a given node are dependent, where the dependency is captured via
a scale mixture of Gaussians. More precisely, for a weight Wj(,iH) between node 7 = 1,...,p; at
hidden layer I and node k = 1,...,p;41 at hidden layer | + 1, we assume that

(+1) _ [y 041
Wi At Vik (1)

where )\I()) o for j = 1,...,p;, are nonnegative iid random variance parameters, one for each node
j=1,...,p at layer [, and V(ZH) are iid centred Gaussian random variables with variance o2 > 0.

The per-node variance term /\( ) .,; induces some dependency over the weights W(l+1) . W;Z;ll)

connected to node j. As we descrlbe in the next paragraph, this assumption has been cons,ldered by
a number of authors for training (finite) neural networks either (i) as a prior for Bayesian learning and
pruning of neural networks, or (ii) as an implicit prior where a regularised empirical risk minimiser
with group-sparse penalty is interpreted as a maximum a posteriori estimator, or (iii) as a random
weight initialisation scheme for stochastic gradient descent.

A number of articles considered prior distributions of the form in Equation (1) for Bayesian
learning of deep neural networks. Examples of distributions considered for the random variance

AU )1- include the Bernoulli (Jantre et al., 2021), the horseshoe (Louizos et al., 2017; Ghosh et al.,
2018 2019; Popkes et al., 2019), the gamma (Scardapane et al., 2017; Wang et al., 2017), the inverse
gamma (Ober and Altchlson7 2021), or the improper Jeffrey distributions (Louizos et al., 2017).
See (Fortuin, 2021, Section 4.1) for a recent review. Distributions concentrated around 0, like the

horseshoe, or with mass at 0, like the Bernoulli, favour more sparse-like representations, and they
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have often been used for compression of deep neural networks, by pruning nodes based on the
posterior distributions of the per-node variance parameter. Using a similar idea but with a slightly
different formulation, Adamczewski and Park (2021) considered a joint Dirichlet distribution for
the square root of the variances. In Section 6 and Appendix E.2, we discuss these examples in the
context of our general framework.

These structured priors are also related to non-Bayesian estimators based on regularised empirical
risk minimisation, where the estimator can be interpreted as a maximum a posteriori estimator under
these priors. A typical example is the group lasso penalty on the weights of a neural network, used

in a number of articles (Murray and Chiang, 2015; Scardapane et al., 2017; Wang et al., 2017; Ochiai
)

et al., 2017), which can be interpreted as a negative log-prior on the weights when A,

gamma distribution.

Finally, random weights of the form in Equation (1) have been used to initialise the weights
in stochastic gradient descent algorithms, departing from the standard iid Gaussian initialisation
commonly used for training deep neural networks (Glorot and Bengio, 2010). Blier et al. (2019) use
per-node random learning rates in stochastic gradient descent. This is equivalent to using the prior
in Equation (1) at initialisation, and then learning %(,i+1) while keeping the variances fixed after
initialisation. A similar approach was considered by Wolinski et al. (2020b), but with deterministic
variances.

As outlined above, neural networks with random weights of the form in Equation (1) have been
extensively used in practice. A flurry of different distributions have been proposed for the random

j follows a

variance )\SL)) ;» and it is unclear which one we should choose in practice, and how this choice influences
the properties of the resulting random neural network function.

The objective of this work is to analyse the infinite-width properties of feedforward neural net-
works with dependent weights of the form in Equation (1). Our work shows that the choice of the
distribution of the per-node variance is crucial and can lead to fundamentally different infinite-width
limits. Our main assumption is that, at each hidden layer [,

Pi

Z AD 4 AWM 49 the width P — 00, (2)

D15
j=1
where - refers to convergence in distribution and A is some nonnegative random variable, which
may be constant. This assumption is natural as it implies that the activations and outputs of the neu-

ral network are almost surely finite in the infinite-width limit. Note that Z?’zl Var (Wj(Hl) ()\SZ), ;) j21> =

o2 ?’:1 )\;ll)’ ;- Hence, the assumption in Equation (2) is similar to the commonly made assumption,
in the iid case, that the sum of the variances of the incoming weights to a node converges to a

constant in the infinite-width limit (Glorot and Bengio, 2010; He et al., 2015). The iid Gaussian
O]

PL.J
that A) = ¢ is deterministic in this particular case.
The random variable A®) is necessarily infinitely divisible (see Section 2), and parameterised by
(i) a location parameter a!) > 0 and
(ii) a Lévy measure p) on (0, 00).
We prove that, if () > 0 and the Lévy measures are trivially zero (that is [~ p!)(dz) = 0) at
all hidden layers I, then the limit is a Gaussian process (GP), as in the iid Gaussian case. As a
consequence, all weights are uniformly small, with max;—; ., |Wj(,l€+1)| — 0 in probability. We
show that this GP limit arises with a few models proposed in the literature, such as the group
lasso (Scardapane et al., 2017; Wang et al., 2017) and inverse gamma (Ober and Aitchison, 2021)
priors. These neural network models therefore are asymptotically equivalent to a model with iid
Gaussian weights in the infinite-width limit.
More interestingly, if at least one of the Lévy measures is non-trivial, we obtain a very different
behaviour, and the limit is now a mizture of Gaussian processes (MoGP), with a given random

case indeed arises as a special case by setting A = é for all j = 1,...,p; for some ¢ > 0. Note
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covariance kernel. Under the MoGP regime, we show that the following results hold in the infinite-
width limit, none of which hold for the iid Gaussian case.
® max;—i,..p |W7-(,l€+1)| converges in probability to a random variable which is not degenerately 0
(see Proposition 3). That is, some weights remain non-negligible asymptotically. It is natural
to interpret this as being connected to nodes representing important hidden features.
e The different dimensions of the output remain dependent (see Theorems 8 and 16).
e The outputs are non-Gaussian, and may exhibit heavy tails depending on the behaviour of the

Lévy measures at infinity (see Propositions 9 and 10).

) . at some level € > 0 sufficiently

e Pruning the network according to the variance parameter )\(
small, provides a finite, non-empty neural network with p051tlve probability.! The resulting
error associated to the pruned network can be related to the behaviour of the Lévy measure
near 0 (see Corollary 13).

e The network is compressible: when pruning the network by removing a fixed proportion (1 —
k) € (0,1) of nodes at each layer according to the variance parameter )\1() j» the difference
between the outputs of the pruned and unpruned networks converges to 0 in probability in the

infinite-width limit (see Corollary 15).

Some illustrative examples. To give a sense of the range of results covered in this article, we now
briefly present some illustrative examples in the case of a simple feedforward neural network with one
hidden layer, d;,-dimensional input x = (21, ..., 24, )7, 2-dimensional output (Z£2)(x; P), ZQ(Q)(X; p)7,
no bias, o, = 1 and rectified linear unit (ReLU) activation function. For k = 1,2, the output is such
that

din
@ [\ @ 1 (1)
Z,(x3p1) p1 jV]k max( \/TIZV” xz> .

More general deep neural networks and other examples are considered later in this article. As
mentioned above, it is well known (see for instance (Lee et al., 2018)) that, if A\, ; = p% (iid
Gaussian weights, or He initialisation (He et al., 2015)), the outputs are asymptotically independent
Gaussian processes with, for k = 1,2,

Z(Q)(X p1) d ( < ’C(z)(x x) /C(Q)(x x') >>
=N 0, ’ ’ as N 5
( Z(z)( "sp1) K@ (x,x") KO (x,x) p1 — 0 (3)
where the (deterministic) covariance kernel K(?)(x, x') is defined by

¢ 1
IC(2)(X, x') = W X - (,/1 o+ (2 + arcsin px x/ ) px)x,) , (4)

= %, see Appendix A.2 for background on ReLU kernels.
Consider now the following models for p; > 2:

with correlation pyx x/

(a) 2D 1 (2 l) (b) )\(1), ~ Bernoulli (%)

P13
2
(c) )\1(7 )j ~ Bcta( 1) (d) A;ll)J = WZ% where U; ~ Cauchy (0, 1)
1

where IG(51, 82) denotes the inverse gamma distribution with shape 57 > 0 and scale 83 > 0, and
Cauchy (0,1) denotes the half-Cauchy distribution with pdf

flu) = 7 1{u>03- (5)

(1 + u?

1. Note that there is always some small probability of pruning everything and leaving an empty network.
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Model| Limit |Depend. Distribution Tail of | Number of |{max |W7(i>\ Tail of (W((f;k)Q Compressible
process| outputs of Z,i?)(x7p1) Z,(:))(x,pl) active nodes Bo of Wj(i) decrease in
iid GP No Gaussian Expon. =S Yes Expon. - No
(a) GP No Gaussian Expon. S Yes Expon. - No
(b) |MoGP| Yes |Compound Poisson| Expon. | Poisson(2) No Expon. - Yes
(c) |MoGP| Yes Normal-gamma Expon. 0o No Expon. | O(e™%) Yes
(d) |MoGP| Yes Cauchy Power-law 00 No Power-law| O(j2) Yes

Table 1: Summary of the properties of the neural network models for four different distributions on
the per-node variances.

For all the above models (a-d), we have )\1()11)7]4 — 0 in probability as p; — oo. For (a-c),

E}}’; A;ll),j] — 2 as p; — oo (the expectation is infinite for the horseshoe example (d)), as in
the i1d Gaussian case. However, the infinite-width limits are all very different.

Under the inverse gamma model (a), the infinite-width limit is the same as the iid Gaussian case.
Under models (b-d), the infinite-width limit is a mixture of Gaussian processes, i.e. a Gaussian
process with a random covariance kernel (see Theorem 16). These models illustrate some of the
benefits of the MoGP regime. The outputs are now dependent in the infinite-width limit. The models
(b-d) are compressible in the sense that the difference between the output of the pruned network
and the output of the unpruned network vanishes in the infinite-width limit (see Theorem 5). This
is not the case for the iid Gaussian model, nor for model (a). The weights as well as the outputs
can have an exponential tail (b-c) or a power-law tail (d). The properties of the different models are
summarised in Table 1. More details on these illustrative examples can be found in Appendix E.1.

Organisation of the article. In Section 2, we provide some background material on infinitely di-
visible random variables. The feedforward neural network model with dependent weights is described
in Section 3, together with the asymptotic assumptions. We also show how the behaviour of the
Lévy measure around zero and infinity tunes the properties of large and small weights. In Section 4,
we give the asymptotic distribution of the outputs for a single input x, in the case of ReLU-like
activation functions. We discuss some of the implications of our result in terms of pruning and heavy
tails, depending on the asymptotic properties of the model. In Section 5, the result is extended to
multiple inputs x1, ..., X, and general activation functions. In Section 6, we show how many models
proposed in the literature can be formulated in our general framework, and present their limiting
properties. In Section 7, we provide some illustrative experiments on Bayesian inference under this
class of models, and in Section 8, we discuss related approaches. The Appendix contains the de-
tails of the illustrative example from above, further examples, most of the proofs, some additional
background material and secondary lemmas. The code to reproduce the experiments is available at
https://github.com/FadhelA /mogp.

Notations. For a random variable X, X ~ F' indicates that X is distributed according to F'. For
functions (or sequences) a(z) and b(z), we use the notation a(z) “~° b(z) for lim,_, a(z)/b(x) =
1. The notation & and - respectively mean ‘convergence in probability’ and ‘convergence in

distribution’. We also use the notation X = Y to indicate that the two random variables X and Y
have the same distribution. For two sequences of random variables X,,,Y,,, we write ‘X, e Y, in

probability’ for X,,/Y, Elasn— .

2. Background Material on Infinitely Divisible Random Variables

A nonnegative random variable X is said to have an infinitely divisible distribution if, for every
n € N, there exist iid nonnegative random variables Y,1,...,Y,, such that X 4 Z?:l Y, (Sato,
1999). Examples of infinitely divisible nonnegative distributions are the lognormal, log-Cauchy,
Pareto, gamma, betaprime, constant and positive stable distributions. (Appendix A.4 discusses the
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last positive-stable case in detail.) If X is nonnegative and infinitely divisible, its distribution is
uniquely characterised by a scalar ¢ > 0 and a Lévy measure p on (0,00) (that is, it is a Borel
measure that satisfies [~ min(1, z)p(dz) < o0o). We write X ~ ID(a, p). The scalar a is a location
parameter, and X — a ~ ID(0, p). The Lévy measure p may be

e Trivial, that is fooo p(dw) = 0; in this case, X = a is constant;

e Finite, that is [ p(dw) < oo; in this case, X > a, with Pr(X = a) > 0;

e Infinite, that is fooo p(dw) = oo; in this case, X = a+ Y, where Y is an absolutely continuous

random variable on (0, 00).

The Laplace transform is given, for any ¢t > 0, by E[e™*X] = e %% where 9(t) := Jooa =
e~ ") p(dw). Infinitely divisible random variables are closely related to Poisson point processes. The

random variable X ~ ID(a, p) admits the representation X Lo+ Y i>1 &, where (&);>1 are the
points of a Poisson process on (0, 00) with mean measure p. -

3. Statistical Model
3.1 Feedforward Neural Network

We consider a feedforward neural network (FFNN) with L hidden layers and p; > 1 nodes at each
layer I. We let pg = din be the input dimension and pr4+1 = doyt be the output dimension. We write
p=(p1,...,pr)T € N For [ with 1 <[ < L+1, the pre-activation values at these nodes are given,
for an input x = (z1,...,74,)7 € R%: recursively by

din
1 1 1
2 (sp) = Y Wiw; + B,
j=1
Pi—1 (6)

z(xp) =Y Wz Vxp) + B, 122
j=1

where ¢ : R — R is the activation function, Wj(,? is the weight between node j at layer [—1 and node k
L+1 L+1
25 (xip), ., 28 (x; p)) T

dout

at layer [, and B,(Cl) is the bias term of node k at layer I. The vector (
is the output of the neural network for the input x.
Let o, > 0. We assume that, forallk > 1and(=1,...,L+1,
1) iid
B W N (0,07) (7)

if o > 0, and B,(:) = 0 otherwise.

3.2 Distribution of the Weights

For 0 <1 < L, we assume that Wj(,ljl) follows a scale mixture of Gaussian distributions, with

where

(a) for each layer I =0,...,L, j=1,...,p,and k=1,...,pj11,

Vj(]iﬂ) ~ N (0,07) for some o, > 0; (9)
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(b) )‘1(7?)),1‘ = d% , and for each layer [ = 1,..., L and each node j = 1,...,p; at layer [, Az(fz),j >0is

a (hidden3 node variance parameter, with

/\Z(,ll)’ i~ M,(,l,) for some probability distribution ,ugl) on [0, 00); (10)

(c) all the random variables {/\;ll{ i Vj(/?}ld,k are assumed to be independent among themselves,
and also with {B,(cl)}l’k.

3.3 Asymptotic Assumptions and Infinite Divisibility

As mentioned in the introduction, for any node k,
l+1) 0 2
ZV&r( ‘ (Apij J>1)_U Z)‘pzy

AY to remain a.s.

In order to have a.s. finite activations in the infinite-width limit, we need J 120

finite as p; tends to infinity. To that end, recall from Equation (2) that
(ORI G!
Z Aoy = A

as p; — 00, for some nonnegative random variable A(?). This natural and general assumption,
together with the iid assumption, has two consequences.

(i) By (Kallenberg, 2002, Theorem 15.12), A() is necessarily an infinitely divisible random vari-
able, characterised by a location parameter ) > 0 and a Lévy measure p() on (0,00). We
express this by writing

y4
STAD S D@a®, o), (11)

(i) By (Kallenberg, 2002, Lemma 15.13), we have A % 0 for any j > 1.

As we will show in the next subsections, the asymptotic properties of the neural network in the
infinite-width limit are fully characterised by the activation function ¢, the bias variance ab, the
scaling factor o2 and the parameters (a(l), p(l)) at each hidden layer [ =1,..., L.

The following result shows that the infinite divisibility of the sum of per-node variances implies
that the squared ¢?-norm of the vector of incoming weights of a node converges in distribution to an
infinitely divisible random variable in the infinite-width limit. The proposition follows from Corol-
lary 37 in the Appendix.

Proposition 1 Let [ € {1,...,L}. Assume Equations (8), (9) and (11) hold for some o, > 0,
a® >0 and some Lévy measure p®"). Then, for any k > 1,

1 & ) (l+1)
l+1 l l
3 S, (A7) s

where v is a Lévy measure on (0, o0) defined by
O (dz) = / pW(dz/z) Gammal(z;1/2,1/2)dx, (12)
0

where p(dz/x) denotes the measure that assigns p")((a/x,b/x)) to each interval (a,b) C R.
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Remark 2 In the iid Gaussian case where >‘1(7lz)71 =< for some ¢, the sum of variances /\1()?7 =
c is constant and 25 jlzl(Wj(,ch)) = 3L, l+1)/0‘ 2B ¢, where the convergence is by the

law of large numbers.

3.4 Properties of the Largest Weights in the Infinite-Width Limit

We discuss here some general structural properties of the FFNN in the infinite-width limit, depending
on the parameters a() and p(). In particular, we answer the following question: In which cases are
the largest variances/weights of the FFNN asymptotically non-negligible?

We interpret a layer [ to capture important features in the infinite-width limit if some of the per-
node variances remain asymptotically non-negligible as p; — oo. The following proposition, which
follows from (Kallenberg, 2002, Theorem 15.29), shows that this arises whenever p® is a non-trivial
Lévy measure.

Proposition 3 (Necessary and sufficient conditions for uniform convergence to 0) Let! €
{1,...,L}. The following are equivalent:

i) pV is trivial;
i) max; /\Z(), g o,

iii) for every k > 1, max; |Wj(]l<;+1)| =0

The next proposition goes a bit further and describes the asymptotic distribution of the extreme
weights. For a Lévy measure p on (0, 00), define the tail Lévy measure

o(x) = / p(dw) for all z > 0.
(,00)

For all u > 0, let p~!(u) := inf{z > 0 : p(x) < u} denote the generalised inverse of p, called the
inverse tail Lévy intensity of p. Note that both p and 5! are non-increasing functions, and are both
equal to zero if p is trivial. The following proposition is a direct corollary of Proposition 30 in the
Appendix and of Proposition 1 in the main text.

Proposition 4 (Extremes of the variances and weights) Considerl € {1,...,L}, and let )\](]ll)(l) >

)\I(jll)p) > ... be the order statistics of the per-node variances. Then, for any k > 1, as p; — oo,
A B0 if pO s trivial, AD 4 B GO) NG otherwise,

where Gy, ~ Gammal(k,1). Here (5V) 1 (Gy) is a nonnegative random variable, non-degenerate at

0 if the Lévy measure is non-trivial. Additionally, let W(ll;r;) > W((Ql)ﬂ) .. be the order statistics

of the incoming weights of node m at layer I + 1. Similarly, we have
(VV(H_1 2B 0 if p (hence vV) is trivial; (W(ZH)) 4 o2 x (@W)"Y(Gy) otherwise,

where (P(l))_1 is the inverse tail Lévy intensity of the measure v") defined in Equation (12).

What about the properties of small weights? One answer is given in Appendix D.1.
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3.5 Compressibility of the Neural Network

About a decade ago, Gribonval et al. (2012) established a connection between heavy tails and
compressibility in the compressed sensing literature. Recently, a series of works (Arora et al., 2018;
Suzuki et al., 2019; Kuhn et al., 2021; Suzuki et al., 2020) have shown that the compressibility of
a neural network is related to how well the network generalises, both from a theoretical and an
empirical point of view. These two lines of works were brought together by Shin (2021); Barsbey
et al. (2021), who proposed theoretical frameworks to establish a direct connection among the heavy
tail index of the distribution of the weights of a neural network, the compressibility of the network
and its generalisation properties. In the setting of our model, these studies on compressibility can
be extended from the heavy-tailed case to the much larger class of models for which there is a
non-trivial Lévy measure of the limiting infinitely divisible random variable of Equation (2).

Let v, (1) > vp,(2) = -++ = Uy (p) be the coordinates, reordered by size, of v(p) = (vp1,...,Vpp).
Motivated by similar notions in (Gribonval et al., 2012), we say that a sequence (v(p)), is £>-
compressible as p — oo if for any & € (0, 1),

P 1{ < }’1)2
. J=1 " Wp,jSUp,(lup)) s “PsJ __
Phﬂoo p ’02 =0 (13)
Jj=1"p,j

If vy i # vp,; when i # j, the indicator 1y, 3<Up (Lnpyy} TEbAINS the top k-proportion of v?2 5 values.

To place this in the context of neural networks, we will say that layer [ is compress1ble if Equa-
tion (13) holds in probability for the /2-norms of vectors of outgoing weights, for all nodes j in layer
[. More precisely, for any j = 1,...,p;, denote the squared norm of the outgoing weights of the
hidden node j at layer [ by

Pi+1

(+1) . _ +1)p2 _ ) (I+1)y2
T = )2 = 30, (1)

DLJ
k=1

and let T((l;rl) >...> T((Zl);;l) denote the ordered values. Then, layer [ is £2-norm-compressible if for
every k € (0, 1),

P 1{T(l+1><T(l+l>J)}T( 1) or
D) =0 as p; — oo. (14)
Jj=173J

In our model, compressible layers are easily characterised simply by the value of a(¥) as our next
result shows.

Theorem 5 (Characterisation of compressibility) For each layer ! with 1 <1 <L, if a® =0,
then for all k € (0,1),

p @
2 et 1{>\<’>J_,\;’l)(wm})‘pz,j .
0 =0 as p; — 00, (15)
J 1 >‘pm
where A\ )(1) > )\;ll)@) > > )\SI) (o) OT€ the ordered per-node variance terms. In such a case,

Equation (14) holds so that layer | is £?-norm-compressible.

3.6 Heavy Tail and Power-Law Properties of the Variances and Weights

A random variable X has a regularly varying tail if Pr(X > ) e L(x)z~7 for some power-law
exponent 7 > 0 and some slowly varying function L, that is, a function satisfying L(yz)/L(z) — 1
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as x — oo for all v > 0. The simplest slowly varying function is the constant function L(z) = ¢ > 0,
and in this case we say that X has a power-law tail; to simplify the presentation, we restrict the
presentation to this case here. The next proposition shows that, if the tail Lévy intensity decays
polynomially at infinity, then the extremes of the per-node variance parameters and of the weights
have power-law tails asymptotically.

Proposition 6 (Power law properties of the variances and weights) Assume that for some
7 > 0 and some constant ¢ > 0, ﬁ(l)(x) T e Then, for any k,m > 1,

(1) (K k
. O z—o00 P (l') z—o00 C° L.

A PrQ gy > @)~ T Y e (16)

k
2T D(r+1/2) / _2\r
() (2 [ 52\k =l (02) c)

: Q) 00 v (l’ /UU) T—700 ( VT v —2kT

plh_rgo Pr(|W(k)’m| > x) i x x (17)

where 7Y is the tail Lévy intensity of the measure vV defined in Equation (12).

4. Infinite-Width Limit for a Single Input for Homogeneous Activation
Functions

Definition 7 A function ¢ : R — R is positive homogeneous if and only if ¢(yx) = vp(x) for all
¥ >0 and z € R.

The following standard activation functions are positive homogeneous:

o(z) == [Linear] (18)
¢(z) = max(x,0) [ReLU] (19)
o(z) = { ;x N 2 8 [Leaky ReLU] (20)

for some § > 0. Note that the tanh and sigmoid functions are not positive homogeneous. We present
later in Theorem 16 more general assumptions that include these two cases.

4.1 Statement of the Main Theorem

We consider one FFNN for each p € N”. The following result is stated for positive homogeneous
activation functions, which include many important particular cases, in particular the ReLU. A
similar result holds under more general assumptions on ¢. See Theorem 16.

Theorem 8 (Single input case, ReLU-type activation) Consider the feedforward neural net-
work model defined by Equations (6) to (10). Assume that the activation function ¢ is positive
homogeneous and that, for all hidden layers | =1,..., L, we have

P
Z A4 ID(a®, pV) as p; — oo

for some a® > 0 and some Lévy measure p). Then, as min(py,...,pr) — o0, for any m > 1, any
layer 1l =1,...,L+1 and any input x € R%n,

(727xp), . Z0xip)) SE | Q@ N (0.20(0) ] (21)

k=1,..., m

10
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Here, for each x € R%n, (E(l)(x),...,E(LH)(X)) is a Markov sequence of nonnegative random
variables, defined recursively via the following stochastic recurrence equations:

W (x) = af + (o0||x]|* /din) (22)
YO(x) =02 4+ 028V (x)  for 1=2,...,L+1, (23)
where SM ... SW) are independent random variables which additionally do not depend on the input

x. Moreover, SO ~1ID(cW,n®) where nV) is a Lévy measure on (0,00) with tail Lévy intensity
M@= [ /e
{z:¢(2)#0}
when ¢ denotes the pdf of the standard normal distribution, and ¢V is a nonnegative scalar defined

by
a [ oGPl

Example 1 Recall that 7(z) = [;° p(x/z) Gamma(z;1/2,1/2)dz is the tail Lévy intensity of the
Lévy measure in Equation (12) assocmted to the sum of the squares of the weights. For the linear
activation function in Equation (18), we have

D =W, 70 (z) = 7V (2). (24)
For the ReLU activation function in Equation (19), we have
W =a®/2  75O@)=0O(x)/2. (25)
For the leaky ReLU activation function in Equation (20), we have
=@+ 1)/2, 7O(@) = EO (@) + 7O (/%)) (26)
4.2 Proof of Theorem 8
Denote S (x; p) := XM (x) := 02||x||?/din + 02 and, for each | =2,..., L+ 1,

Pi—1

2
2Oxip) = of + 02 > AV (2 Vixip)) (27)
j=1
We have, foralll =2,..., L+ 1,
o 1 ) — /a !
1 1 1) 1,0
Z()x p) ~ x +B() Z( (x;p) Z /\1(01 1?jVJk) ( zi= )(x;p))—&—B,(C).
Jj=1 mn j=1

Since the V ~ N(0,03) are independent among themselves, and also independent from the families
{)\(l b Z(l 1)( ;P)}; and {B,gl)}k, we may condition on () (x; p) to obtain, forall I = 1,..., L+1,

(27 65), -, 20 s | 200 p) %A (0,50 6xip) )

Hence,
(2 (p).- -, Z) () £ /2O p) (e e (28)

TP
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when Eg) i N(0,1). By the positive homogeneity of ¢, Equation (27) can be rewritten as

Pi-1
d -1 -1
500 p) £ 0f + i (xp) AT ele) )
j=1
Let us set SU(p)) := ) )‘z(zlz ;0(e; )) for I = 1,...,L. Then, the recurrence relation in Equa-

tion (27) defines a continuous map ¥ from [0, c0) to [0, oo)EHL satisfying
(= ep),.. . 2 xp) £ WS (1), 5P (pr)).
Note that by the recurrence relation in Equation (23) and its relationship with Equation (27),
BV (x),...,2E (x) = w(SW, ..., 51,

Also, note that the S®(p;) are independent and do not depend on the input x, and that the random
variables {¢(c\")2};21,..p, are independent. As |¢(z)| < Cripla| for Cryp = max(|o(1)], |¢(—1)]),

we have E[¢(e (l)) ] < oo. Additionally, AD 4 ID(a®M, pI) for each I = 1,..., L. Tt follows

J=1""p1,j
from Corollary 37 in Appendix B that
(SN (1), -, 8P (pr)) > Q) D, n®) (29)
I=1,....L
as min(py,...,pr) — oo. By the continuous mapping theorem, this implies

TSV (py),...,8P (pr)) 5 w(SW, ..., E).

Thus, (XM (x;p),...,2EH)(x; p)) N (2 (x),..., 8"+ (x)). The final result now follows.

4.3 Recursion for the Variance of the Limiting Outputs

Let ( (l)( ) P o (x)) be the random variables that are distributed as ® N (0,20 (x)) when
k=1,...,m

conditioned on (). Note that if we do not condition on (), these random varlables ( fl)( )y ey o (%))

have the distribution E[ ® /\/ (0,20 (x))]. Thus, they are the infinite-width pre-activations/outputs

in Theorem 8. Assume that, for any [, Ml(l) = fooo zpW (dr) < 0o, and Oy := E[¢(X)?] < oo, where

X ~ N(0,1). Then,

Var(( (x)) = B2 (x)] (30)
where E[X(!) (x)] follows the recursion
E[Z(x)] := o} + (03 |x]* /din) (31)
EXO(x)] =0} + 02Cy (a1 + MUNESC(x)] for 1=2,...,L+1. (32)
In the particular cases where o, = 0, we obtain the simple expression
9 -1
Var(C;il)(X)) — 2 [l H o2C, ( —|—M(l )) (33)

v
din =1

In order to avoid the variance of the pre-activations to explode/vanish as the depth increases, the
pair (a), p¥) should be chosen such that o2Cy(a¥) + Ml(l)) = 1. In the ReLU case, Cy = 1/2, and

this reduces, if o, = 1, to a¥ + Ml(l) = 2. This is the configuration of the four examples presented
in Section 1.

12
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4.4 Regularly Varying Properties of the Activations and Outputs

We derive here results for the ReLLU activation function. Similar results can be derived for other
homogeneous activation functions. We have already shown in Proposition 6 that if the tail Lévy
intensity decays polynomially at infinity, then the weights have power-law tails. The next proposition
shows that if this is the case for all hidden layers, then the activations at each level and the outputs
also have regularly varying tails, with an exponent which is twice the minimum of the exponents of
the tail Lévy intensities in the layers below that level.

Proposition 9 Let L > 1. Consider the same assumptions as in Theorem 8. Also, forl =1,...,L,
assume that ﬁ(l) has a power-law behaviour at infinity with exponent 7V, that is

ﬁ(l)(x) 220 (1) =T (34)
for some positive constants ¢ > 0. Then, for anyl=1,...,L,
Pr(S® > u) 2 50 (u) /2 "2 @0y (35)

where

70 (u) = / 70 (u/z) Gamma(z;1/2,1/2)dz, @ = O x 20V =DpzO 4 1/9)/\/7.
0

Also, for all k> 1 and 2 <1< L+ 1, if we let ((l) (l)\/ D (x) for s(l) , 1), then
Pr(20(x) > u) "R w P L0 () (36)
Pr((¢ (6))? > w) ¥ u P LD ) x 27T (080D 4+ 1/2)/T(1/2)) (37)
where fU—1) = min(T(l), . ,T(l_l)) and LU=V are some slowly varying functions.

In general, the slowly varying functions L{~1 in Proposition 9 cannot be obtained analytically.
An exception is when the hidden layers have the same asymptotic distribution and there is no bias,
as we show in the next proposition.

Proposition 10 Let L > 1. Consider the same assumptions as in Theorem 8. Additionally, assume

that op = 0, a® = a > 0 and p» = p for alll = 1,..., L with p(z) "~ ca™7 for some positive
constant ¢ > 0 and exponent 7 > 0. Fork>1andl=2,...,L+1, let (; l) l)\/ D (x) for

e ~ N(0,1). Then, fori=2,...,L+1,

2 T _1-2(x)-1
Pr(Z(l)(x) > u) u—00 (|;‘| U§l> T(l (E;)' w " log 2w

Pr((¢")2 > u) “2F Pr(20(x) > u) x (27T(r +1/2)/T(1/2))
where ¢ = ¢ x (2770(7 + 1/2)//7).

Note that in this particular case, the tails of the activations have the same exponent 27, but an
additional log factor is added for each additional hidden layer after the first one, and so, the tails
become slightly heavier as the network gets deeper.

13
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4.5 Pruning of the Nodes of the Network

Suppose that we want to prune the nodes of the neural network in order to reduce the computational
cost. We consider two different strategies for node pruning, both based on the values of the per-

node variances )‘z(>lz),j' The first strategy, called e-pruning, prunes nodes such that )‘](gl,),j < ¢, for

some fixed threshold € > 0. The second strategy, called k-pruning, prunes nodes such that >‘1(fz), ; <
O]

)‘z(ilz,),([npz |) Where the subscript (|xpi]) denotes an order statistic: at layer I, )‘;l,),(l) > )\;ll)’(Q) >...>
A

(o) denote the ordered values of ()\](Dll{ j)jzl ,,,,, p.- When there are no repeated values, x-pruning

is equivalent to pruning a proportion (1 — k) € (0,1) of the p; nodes with lowest )‘z(>lz),j values in
each layer. The pruning strategies we employ here are related to the compressibility of a network
discussed in Section 3.5. This connection was noted in Barsbey et al. (2021) where similar pruning
schemes were discussed.

We start with an error bound of the pruned network that holds for both strategies with € and «.

To this end, let )\;,(l),l =1,2,..., be nonnegative random variables. Consider the following pruned
network:
din
*(1 *(1 1 1
2y M (x:p) = 23D (x) = Z T Vj(k)xj + B,
Pr—1 ! (38)
*(1 -1 l *(1—1 l
200sw) = 3 (YNt ooy ) VA Vop) + B, 122
J=1 '
Namely, we prune a node if its node variance is less than or equal to the threshold )\;l(l). For e-
pruning, )\;l(l) = ¢. In this case, we write ZZ(l)(X; p) = ZZ(Z)(x;p,e) to emphasise the dependence

M _ O

of the network on e. On the other hand, for x-pruning, A, o (Lrp)” Similarly, we write

ZZ(Z)(X; p) = Z:(l)(x; p, k) to emphasise the dependence on k.

Set Nzgf) =E| fl: 1 )‘;l,), j]. A key assumption used throughout this subsection on pruning is:

(UI) For all layers I =1,..., L,

/ up(l)(du) = Ml(l) < 00, ngf) < oo for all p;, and ngf) —al 4+ Ml(l) as p; — 0o.
0

In our setting, the assumption (UI) is equivalent to the uniform integrability of the family {Zfl: 1 )\;fl{ itm
(see Appendix C.4).
We will also utilise the following assumptions in this subsection:

(A1) The activation function ¢ is positive homogeneous.
(A2) Equation (11) holds with a(¥) = 0 for all hidden layers [ = 1,..., L.

(A3) The Lévy measures of all layers are equal, p)’ = p, and p satisfies p(u) i~ u”*L(1/u) for

some « € [0, 1) and some slowly varying function L. In this case, M; := Mll does not depend
on [.

The following proposition gives a bound on the error of the above pruned network. The argument
is a variant of the variance recursion given in Section 4.3. To state the proposition, recall that
CLip = max(|p(1)], |¢(—1)|) and define U® := sup,, E[(Zﬁl)(x;p))2]. We point out that U®) < oo
under (UI) and (Al); see Lemma 38 in the Appendix.

14



DEEP NEURAL NETS WITH DEPENDENT WEIGHTS

Proposition 11 (Pruning error bound) If (A1) holds, then the L?-error between the pruned and
unpruned networks satisfies

2
B| (4" ) - 2 V)| (39)
< 0302, UDAD 1 (0302, PNOTE-DALD 1 ... 1 (o302, )IND .. NOUW AL,

! !
where Az(n) =ER, A;l)ajl{kﬂl),ﬁk;,(”}]'

Remark 12 To get a bound on UWY, note that the variance E[(Zfl)(x;p))z] satisfies a similar
recurrence relation to that described in Section 4.3. Namely,

2 2
E [(ng(x; p)) ] < 020,NIVE [(Zp(x;p)) } ol

Also, the bound in Equation (39) holds when the supremum in UWD for each 1 is taken for p' with
minp’ > minp. See the proofs of Lemma 38 and Proposition 11 for details. In the particular case
where o, = 0, Var(({l)(x)) > 0, minp is sufficiently large and (A2) holds, if the supremum of U"
is taken over p’ with minp’ > minp for every l, then UV satisfies

2! ,
U0 < 2 Var(cf" (x)) = 20220 T 20,101,
1n /=1

4.5.1 e-PRUNING

Let )\;l(l) = ¢ for some ¢ > 0. At layer [, this means that we keep the hidden nodes j such that

)\;ll{ ;> € (We do not let €, the pruning level, depend on the layer here just to simplify presentation;
lifting this restriction would not invalidate our results to be presented next.) It should be noted that,
when the limiting unpruned network is infinite, this pruning strategy produces a finite network.

To analyse the error between the unpruned network and the e-pruned network in Equation (38),
we investigate the limit of the L? pruning error E[(Z;:(l)(x; p,0) — Z;:(l)(x; p,€))?] and show that,
under assumptions (UI) and (A1-A3), this error remains small in the limit as min(py,...,pr) — oo.
This comes as a corollary to Proposition 11.

Corollary 13 (Single input case, e-pruning) Consider pruned FFNNs defined by Equations (7),
(9), (10) and (38) with )\;l(l) =e. Suppose (UI) and (A1-A8) hold. Then, for all 6 € (0,1 — ), there
exists €9(d) > 0 such that if € < €y(d), we have, for each 1 =1,...,L and any k > 1,

min p—oo

2
lim E “Z,Elﬂ)(x;p) — Z:(Hl)(x;p)‘ } <D(l)- el (ato),
where

(712)02i
Mo (UD (0202, MUY - (0202, M) T U

PO=1"Gs

is a constant not depending on €.

Although the pruning error is controlled mostly by the pruning level ¢, the error can vary ac-
cording to the constant D(l) which depends on the number of previous layers I. The deeper our
network gets, the larger the pruning error becomes. In other words, the pruning error is small at
shallow layers, but it accumulates and gets larger at deeper layers.

15
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In the particular case o, = 0 (no bias), combining Corollary 13 with Remark 12, we obtain

2
lim E UZ,?’H)(X; p) — Z;(Hl)(x; p)’ ]

min p—oco

o202 -1 2 \/
< CL]p . Z CLip . 2 Var(c(l) (X)) . 61_(a+6)
—\1- ( + 5) (7¢ !

1'=0
where Cy is as in Section 4.3.

Remark 14 In Appendiz C.4, we prove Corollary 13 in a slightly more general setting where we
allow for different pV)’s in different layers. The trade-off is that, if we confine p) = p for some p
as in (A3), then €y(9) depends only on § and not on L, thus one can possibly add more layers after
L+1. On the contrary, if we allow for different p1)’s as in the proof, then €y(6, L) depends not only
on § but also on L, so adding more layers requires changing €.

4.5.2 k-PRUNING

For fixed k € (0,1), let )‘Pll) = /\;lz)(LﬂPlJ)
)\(5) @

p1,J = “puy(Lepi])”

The rijeé% lz")ejsiﬂt shows that, under assumptions (UI) and (A1-A2) including the compressibility
of layers (A2; see Section 3.5), the error between the unpruned output and the x-pruned output
in Equation (38) converges to 0, no matter what the value k € (0,1) is. Again, this comes as a
corollary to Proposition 11.

That is, k-pruning discards nodes j at layer [ with

Corollary 15 (Single input case, k-pruning) Consider pruned FFNNs defined by Equations (7),
(9), (10) and (38) with /\;fl) /\(l)(Lfcsz) Suppose (UI) and (A1-A2) hold. Then, for each
l=1,...,L and for any k € (0,1) and any k > 1,

2
E UZSH)(X; p) — ZZ(ZH)(X; p)‘ } — 0 as minp — oo.

This result states that, if al) = 0 for all { = 1,..., L, the neural network is compressible: the
difference between the output of the x-pruned network and that of the unpruned network vanishes in
probability as the width of the network goes to infinity. This is not generally the case if (Y > 0. If,
in addition, almost surely no node variances are repeated (so k-pruning prunes a (1 — k)-proportion
of nodes), we do not obtain the vanishing error, which occurs when a® = 0. For instance, consider
a network with one hidden layer. Then, the L2-error is

2
E [!Zi”(x; p) - 2% (x;p)| } =0’E ka (A0 E [6%(2V(x)]
7=1

(LHP1J)}

which is not guaranteed to converge to 0 for all x € (0,1) when a > 0. See Proposition 32.

In the iid Gaussian case, our k-pruning strategy prunes every node due to the repeated node
variance ;—1[, so that the pruning error trivially does not vanish. In practice, one prunes the iid
Gaussian case by removing nodes using instead

Pi+1

)\(l Z V(l+1
PsJ

Denote by Z**, the network defined in a similar way to Equation (38) but where T}, ; is used for
pruning instead of A, ;. Then, it can be shown that in the iid Gaussian case, the error is non-
vanishing, i.e.

Ty = W,

2
limsup E UZ,(CH_U(X; p) — Z;:(HU(X; p)‘ } > 0.

16
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5. Infinite-Width Limit for Multiple Inputs in the General Case

We prove the convergence theorem for multiple inputs under a more general assumption for the
activation function ¢ than the positive homogeneity assumption in Theorem 8. Any positive homo-
geneous function such as ReLU satisfies this generalisation, as well as the classical tanh or sigmoid
functions. This assumption is called a “polynomial envelope” condition by (Matthews et al., 2018),
and commonly used in the context of analysing infinitely-wide neural networks either implicitly or
explicitly. In (Neal, 1996; Lee et al., 2018), the authors are implicitly exploiting this assumption by
considering tanh and ReLLU mainly, and in (Favaro et al., 2020; Jung et al., 2023), they explicitly
considered a weaker version of this assumption.

Theorem 16 (Multi-input case) Consider the feedforward neural network model defined by Equa-
tions (6) to (10). Assume that the activation function ¢ is continuous and satisfies the so-called
polynomial envelope condition: for all z € R, |¢(z)] < A+ B|z| for some A,B,C > 0. Assume
that, for all hidden layersl=1,..., L, we have

P
Z A4 ID(a®, pV) as p; — oo
j=1

P1,J
for some a®¥ > 0 and some Lévy measure p). Let x1,...,%, be n inputs, where x; € R%». Define
Z_',il)(xl, ce Xy P) = (Z,il)(xl; Py Z,il)(xn; p))T € R, the associated k-th outputs. Then, for all
I=1,...,L+1and allm > 1, as p — 00 in the order limp, o0 ...lim,, o0,
(Z,(Cl)(xl,...,xn;p))k ) 4B ® N(O,Z(Z))
Tl k=1,...,m

Here, ¥ is a random n-by-n positive semi-definite matriz defined by El(-;) = K(l)(xi,xj), for 1 <
i,j < n, where K& : R¥n x R¥» — R 4s a random covariance kernel. The sequence of random

kernels (K(l), .. .,K(L‘H)) 18 a Markov sequence whose distribution can be defined recursively, for
l=1,...,L, by:
T/
KW (x,x) = 02 + agchx (40)
l 1 U l
KU (x,x) 1= of 4+ 02aVB [o(¢ ()0 ()| KO + 02336 (¢Px)) 0 (¢ )

j>1

where {X;l)}jzl are the points of a Poisson point process on (0,00) with mean measure o and, for
J=1

¢V | KO % ap0, KO).

Here GP (i, K) denotes a Gaussian process on R%n i.e.. a random element of M = {f : R%n — R},
with mean p € M and covariance function K : R%» x R%n — R,

Remark 17 The limit in the above theorem is taken in sequential order from the first layer to
the last layer. FEztending the theorem to a different and more natural limiting scheme, such as
min(py,...,pr) — 00, is non-trivial. For instance, although the proof of Theorem 8 handles the case
min(py,...,pr) — 00, it heavily relies on positive homogeneity of the activation function so as to
rephrase the outputs of hidden nodes in some layer I as a vector of independent Gaussian random
variables that is scaled by a random scalar (Equation (28)). Since the positive homogeneity of ¢
does not let us move a matriz M from ¢(Mv) to the outside in any form, It is difficult to obtain an
analogous result in the case of multiple inputs. We expect that a different approach, such as the use
of exchangeability (Favaro et al., 2020; Matthews et al., 2018), is needed for such extension of our
result, and we leave this as one of the remaining future challenges.

17
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When pW is trivial for all l = 1,..., L, the kernels are deterministic, and one recovers a Gaussian
process. Otherwise, we obtain a mixture of Gaussian processes, where the mixture comes from the
randomness of the kernel K). We now discuss some of the properties of the random kernel.

The following proposition is an immediate consequence of the Campbell theorem for Poisson

random measures, together with results regarding the ReLU activation function (Cho and Saul,
2009); see Appendix A.2.

Proposition 18 (Conditional mean and variance of the kernel) For any ! > 1 and n > 1,
let M) = IS ampW(dz). We have

E [K(Hl)(x,x’)

KO] = ot [ ) ol )2 K]

( 00 )
D)

In the ReLU case, we have the analytic expressions

Var {K(Hl)(x,x')

where

s K(l)(X,X) K’(l)(x7 x/)
KO 4 pr (Ov( KO (x,x") KO x') )) . "

) VEO(x,x) KO (x/,x)
2m
l
O} )

K2 (px,x’

E [ K0 (x,x) )

K1 (px,x’

K(l)} =0} + Jg(Ml(l) + al

l l
K(l):| _ O'ﬁMz(l) K )(X7X)K( )(X/a X/)

(14+1) /
Var {K (x,x) o

where pl, = KO (x,x)/\/KO (x,x) KO (X', x') and

x,x’

Fén(ﬂ)z{ 1_p2+(g+arcsinp)p fn=1 (42)

3v/1—p?p+ (5 +arcsinp) (1+2p%) ifn=2.

Example 2 Assume that 0, = 1 and o, = 0. Consider the model >‘1(7l7)j ~ Beta(8/p,5/2) for some
B > 0. This generalises the example (c) introduced in Section 1, with an additional parameter

B> 0. As will be shown later in Section 6.5, Zj )‘1(717)1' converges in distribution to a random variable

AW ~ ID(0, p) where p(dx) = B~ (1 — x)(5/2)*11{x€(071)}dx. This is a beta Lévy measure, with

moments My, = %, so that My = E[AV] = 2 and My = Var(A®) = 4/(2 + B). It follows
that

2 =[PP )

E {K@)(x,x’)} = K®(x,x), Var {K(Q)(X»X/)} T2+ 8 4. k2 (P

where K2 is the GP ReLU kernel given in Equation (4). Thus, the random kernel K®) is centred
on K@, and the parameter 5 controls the variance of the kernel. Realisations of the kernel K3 for
different values of B and with ||x||||x||/din = 1 are given in Figure 1.

In Appendix D.2, we further discuss a special case of Theorem 16 when the limiting infinitely

divisible distribution of ;’":1 )‘Sz), ; 1s an a-stable distribution.
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Figure 1: (a-c) Dashed red lines represent 20 realisations of the kernel K(?(x,x’), as a function
of the correlation px x» = Hxx\ﬁil):c/’\l’ when [|x||||x'||/din = 1, 0w = 1, 0p = 0, for the beta model in
Example 2 with (a) 8 =1, (b) 8 = 10 and (c) 8 = 1000. The solid blue line represents the GP
ReLU kernel in Equation (4). The random kernels K(?) are centred on the GP ReLU kernel, and
the variance decreases with the tuning parameter 3. (d-e) Distribution of K®)(x,x’) for different

values of 3, for (d) pxx =0 and (e) pxx = 0.5.
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Name Mixture’s name Ip a Lévy measure Support|Finite?| Exp. a |Exp. 7
Determ. Gaussian 6(:1/;7 cy 0 — — — —
Bernoulli | Spike and Slab (1 — ;) 5o + & 61 0 cd1 {1} Yes 0 -
Gamma Group lasso |Gamma (pl+1+1 s mpé%ﬁl)) c1 0 - - - -

Beta Normal-beta Beta (£, 1 0| =711 —=x)e"t | (0,1) No - -

Inv.-Gamma| Multivariate t 1G (2,2/p) 2 0 - - - -
. 2
Beta prime Horseshoe :—gw_l/2(1+ 4?_7]2’)_1 0 %1_3/2 (0,00) | No 1/2 1/2
Normal . na—1-7
Gen. BFRY —gen. BFRY See Equation (48) 0 mv(r —a,z)| (0,00) No |a€ (0,1)|7>«

Table 2: List of models and their limiting location parameter and Lévy measure.

6. Examples

In this section, we provide examples of models used in the literature, and the associated parameters
of the limiting infinitely divisible random variable of Equation (2). In some cases, we use a different
scaling so that the limit exists, and is not degenerate at 0. Table 2 summarises the properties of these
models. Further discussions on these and additional example models can be found in Appendix E.2.
To simplify notation, we often drop the layer index [ fully or partially in the rest of this section,
writing e.g. Ap j ~ p.

6.1 Constant Variance (iid Gaussian/Weight Decay/L2 Regularisation)

The standard iid Gaussian model is obtained as a special case when A, ; ~ 4./, for some con-
stant ¢; > 0 and so the weights W;j, are iid N(0, (c;02)/p). In this case, > Apj = c1, so that

25 Apj 4 ID(¢1,0). The weights (and variances) converge uniformly to 0, i.e. for any k& > 1,

max;—1,.,(|Wj|) 5 0

6.2 Bernoulli Prior

For some ¢ > 0, consider )‘1(911), i~ Bernoulli(¢/p;) for every p; > ¢. This corresponds to a marginal

spike and slab distribution for Wj(l) = (Wj( ) W(l) ), with

JPi+1

wh ~ (1—C> B0+ — - N(0,021,,,
J i 0 i ( Pi+ )
Such a prior has been used by Jantre et al. (2021) for pruning Bayesian neural networks. In that

case, Z /\Z(,ll i N ID(0, cd1). That is, the location parameter a is zero, and the Lévy measure p = ¢d;

is finite and discrete.

6.3 Group Lasso Prior

We consider that? )\;l ;i ~ Gamma((pi+1 + 1)/2, by, /2), where by, is an inverse-scale parameter
that depends on the layer’s width. Such a distribution leads to the so-called group lasso distribu-
tion (Raman et al., 2009; Casella et al., 2010) over the weights (W(H'l))j;C7 which have joint marginal
density

f(w) o< exp \/; Z Z w, |- (43)

2. Note that in this case, )‘1(>lz)j depends on the size p;41 of the upper layer as well. However, we show here that,
for a specific choice of by,, at the infinite-width limit with respect to p;, this dependency on p;;; disappears. For
clarity, we keep the superscript/subscript ! in this subsection.

20



DEEP NEURAL NETS WITH DEPENDENT WEIGHTS

The regularisation term

(44)

is known as the group lasso penalty, introduced by Yuan and Lin (2006) for regression models. This
penalty has been used as a regulariser for neural networks by Scardapane et al. (2017) and Wang
et al. (2017). The group lasso distribution in Equation (43) has been used as a sparsity-promoting
prior in Bayesian learning of sparse neural networks by de Jong (2018).

Scardapane et al. (2017) suggested to set b,, = p;. However, this assumption implies that

limy, o0 D, )‘E)l,). ; = Pi41 + 1 almost surely, which diverges if p;41 — oo. This fact has been noted
by Wolinski et al. (2020a) who suggested the diﬁerent scaling b,, = pi(p4+1+1)/c1 (with ¢iop =1).

Setting b,, = pi(pi+1 + 1)/c1, we obtain Ej ol p—>01 as p; — 0o. Thus,

Z)\ 51D (cy,0).

6.4 Inverse Gamma Prior and Similar Models

We consider here, as in (Ober and Aitchison, 2021), that the variances follow an inverse gamma
distribution
Apg ~1G(2,2/p). (45)

Note that this is equivalent to
Apj = Yi/p (46)

where Y1,Ys, ..., are iid IG(2,2). By the law of large numbers, >, A, ; 2 2 or equivalently, > A 4 ID(2,0).
More generally, any model of the form in Equation (46) where Y7, Y5, ... are iid random variables

with finite mean, satisfies 37 Ay ; 4 ID(E[v1],0).

6.5 Beta Model and Beta Lévy Measure

Consider A, ; ~ Beta(n/p,b) where n,b > 0. An application of Theorem 29 in Appendix B yields

25 Apj 4 ID(0, p), where p(dz) = nz~'(1—2)" '1(,e(0,1)1dz is a Beta Lévy measure (Hjort, 1990).
The measure is infinite with bounded support.

6.6 Horseshoe Model

In the horseshoe model (Carvalho et al., 2010), we assume the independent random variables
Y1,Ys, ... that have the same distribution as Y = T2, where T ~ Cauchy, (0,1) is a half-Cauchy
random variable, with pdf given by Equation (5). The random variable Y ~ Betaprime(1/2,1/2) is
a beta prime random variable (with both shape parameters equal to 1/2), with pdf

1

fr(y) = m

Its survival function satisfies
Pr(Y >y) "X (2y~1?)

and therefore Y has a power-law tail at infinity with exponent o = 1/2. Let ¢ > 0 be some scaling
parameter. Setting

Apj = (em®Y;)/(4p%),
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we obtain

> X HID(0, p) = IG(1/2, 7 /4). (47)

where p(dz) = (y/¢/2)x73/?1(,~0ydz. The tail Lévy intensity p(z) in this case has power-law tails
at 0 and oo, with exponent 1/2.

6.7 Generalised Gamma Pareto Model

The model described in Section 6.6 allows us to obtain a Lévy measure which has power-law tails
with the same exponent o at 0 and co. We describe here a model that permits power-law tails with
different exponents. Let A, ; = 5;(, ; where

1/«
part
B; ~ Pareto(r,1), 4 ~ etBFRY | o, () ;1 48
) ~ Parcto(r, 1) o T (49)

for « € (0,1), 7 > a and n > 0. Here Pareto(r,c) denotes the Pareto distribution with pdf
f(z) = 7¢"a " 1m0 Also, etBFRY (o, ¢, &) denotes an exponentially tilted BFRY distribution
(Lee et al., 2016; Bertoin et al., 2006), with pdf

asTiT%e (1 — e719)
L(1—a)((t+&> —€2)

We can sample easily from this distribution by inversion. The variances A, ; follow a generalised
BFRY distribution with density:

g(s) =

—7—1

B TQx B (T (t+ D)
R e (i UL R == v |
1/« -
where t = (%) and y(s,x) = fo t5~le~tdt denotes the lower incomplete gamma function

Under this model, > i Apj 4 ID(0, p) where the limiting Lévy measure p is a generalised gamma
Pareto measure, introduced by Ayed et al. (2019, 2020):

pldz) = ﬁx_l_Tw(T — o, x)dx.

As shown by Ayed et al. (2020), the tail Lévy intensity of this measure shows power-law behaviours
at both 0 and oco:

p(x) v20 cix”, () T g

for some constants ¢1,co > 0. The exponents o € (0,1) and 7 > « here can take different values,
allowing for different asymptotic behaviours for small and large weights.

7. Illustrative Experiments
7.1 MoGP at Initialisation

In this subsection, we illustrate the key benefits of the MoGP regime as well as our main results
through simulations; we consider a FFNN model defined by Equations (6) to (10), with no bias,

3. We say that a Lévy measure p on (0, 00) has a power-law tail at co with exponent 7 € R if its tail Lévy intensity p

r—r0o0
X @

satisfies p(x) cx~ 7. Similarly, we say that p has a power-law tail at 0 with exponent o > 0 if p(z) 730y,

22



DEEP NEURAL NETS WITH DEPENDENT WEIGHTS

12 —— Deterministic —— Deterministic 10°
Inverse Gamma Inverse Gamma

10 Beta 0.4 Beta
— Horseshoe — Horseshoe
Gen. BFRY Gen. BFRY

Density

—— Deterministic

10-5 Inverse Gamma
Beta

—— Horseshoe \
Gen. BFRY

0.0

7
-4 -3 -2 -1 0 1 2 3 4 1.0 15 2.0 25 3.0 35 4.0

(a) Full distributions (b) Tails (c) Tails in log scale

Figure 2: MoGP output distribution

Width | Deterministic Inverse Gamma Beta Horseshoe Gen. BFRY
100 0.019994 0.113897 0.320444  0.691159 0.33325
500 0.00539 0.028584 0.281498  0.434425 0.219763
1000 0.005495 0.015217 0.279571  0.995462 0.316032
2000 0.001844 0.004522 0.297515  0.253737 0.235673

Table 3: MoGP output correlation.

0y = 1, ReLlU activation and univariate inputs. For the variance distributions, we consider five
of the examples described in Section 6, namely the deterministic, inverse-gamma, beta, horseshoe
and generalised BFRY models. For all models except the horseshoe, we set the parameters such

™

2
that E[>>; Ay, ;] = 1 as p1 — oo. For the horseshoe model, we take A, ; = (5)25—% where U; ~

Cauchy4 (0,1). Unless otherwise stated, the neural networks have a single hidden layer, recovering
the illustrative example described in the introduction.

Output distribution. Figure 2 shows the distribution of the output with a large width p; = 2000.
We use 50000 samples from the model to draw the plots, each corresponding to a random realisation
of the weights. The figure confirms the limiting behaviour described in Theorem 8: the deterministic
and inverse-gamma converge to the same Gaussian Process (the orange and blue lines overlap),
whereas MoGP regimes offer a wider class of output distributions. In particular, when we examine
the densities in log-log scale, we can notice that the beta, horseshoe and generalised BFRY exhibit a
density with a power-law tail (straight line in log-log scale), whereas the deterministic and inverse-
gamma exhibit a light-tailed density.

Dependence of the dimensions on the output. Another key consequence of Theorem 8 is
that in the GP regime, the different dimensions of the output are asymptotically independent, while
this is not the case in the MoGP regime. For a two-dimensional output FFNN, we report in Table 3
the empirical correlation between (Z\2 (z;p1))? and (Z8? (2;p1))? when p; — oo for the different
models using 5000 random samples. The empirical results confirm the theoretical ones: we can see
that for the deterministic and inverse-gamma models, the correlation converges to zero, while this
is not the case for the other models.

Distribution of the largest weight. Proposition 4 describes another benefit of the MoGP
regime: when the Levy measure is trivial, i.e. in the GP regime, the largest weight in each layer
converges in probability to zero, while this is not the case in the MoGP regime. Figure 3 empirically
validates this result; we show the evolution of the distribution of maxi<; r<p |W](,§)| as the width p;
grows. This property can have a significant impact on the performance of the models since some
weights remain non-negligible asymptotically and can be connected to nodes representing important
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Figure 3: Distribution of the largest weight when the width increases.

107t

1072

error

1073

—— alpha = 0.1
alpha = 0.3
—— alpha =0.5

107

107-° 104 1073 1072 101
eps

Figure 4: Expected truncation error as a function of € (in log-log scale).

hidden features. This, coupled with a heavy-tailed distribution of the nodes, can favour specialisation
of the neurons, with benefits for pruning and feature learning. We refer the reader to Sections 7.2
and 7.3 for experiments with real data where our proposed framework is used either in a frequentist
or Bayesian fashion.

Truncation error. In Figure 4, we illustrate Corollary 13 with a generalised BFRY model with
different values of o (and 7 =5 is fixed). The expectation is estimated using 1000 simulations with
width p; = 2000 and depth L = 3. The empirical results match well the theoretical bound. In
particular, in log-log scale, we get an empirical slope of 0.492 for & = 0.5, an empirical slope of 0.691
for a = 0.3 and an empirical slope of 0.920 for &« = 0.1. Therefore, the slope is approximately equal
to 1 — a, which confirms the theoretical rate of decay of the expected pruning error as a function of
the truncation level e. We get similar results with different depths L.

In Appendix F, we report further experiments analysing the vanishing/exploding gradient phe-
nomenon in the MoGP context for deep networks (up to 20 layers). We also show how it can be
alleviated with the right choice of model parameters.

The following two subsections describe how one can use our proposed framework with real data,
either as a regularisation term or as a prior for a Bayesian Neural Network. We illustrate the
discussed benefits of the proposed framework on compressibility and feature learning. The datasets
considered in our experiments are MNIST and Fashion MNIST. Both datasets correspond to an
image classification problem with 10 classes (digits for MNIST and clothes type for Fashion MNIST).
The images are grey-scale and split between training and test sets, composed of 60000 and 10000
examples.
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Figure 5: Visualisation of the top-8 neurons of the first hidden layer of models trained on MNIST
(left) and Fashion MNIST (right) — deterministic and horseshoe cases. Each row corresponds to
a neuron. The elements of the row correspond to the ordered 5 images that maximise the neuron
output.
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Figure 6: Visualisation of the top-8 neurons of the first hidden layer of models trained on MNIST
(left) and Fashion MNIST (right) — generalised BFRY case. Each row corresponds to a neuron.
The elements of the row correspond to the ordered 5 images that maximise the neuron output.

7.2 MoGP as a Regularisation

The most straightforward application of the MoGP framework is to use the prior as a regularisation
term to add to the loss. We consider FFNN models fy with ReLU activation and three hidden
layers, all having the same width p = 2000. The parameters 6 = (Az()l,)j’ Vj(,i), B,(CD) are trained using

Adam optimisation for 50 epochs to minimise the objective function:

n

1
L= Ezg(yﬂf(i(lz)) + Zlogrv(vj(]i)) + ZIOgﬂB(Bg)) + Zlogﬁ)\()‘ﬁ)j) (49)
Ik

i=1 ki jl

where £ is a loss function, 7wy and wp are, respectively, the densities of zero-mean Gaussian distribu-
tions with variance o2 and o2, and 7, is the density of the finite-dimensional approximation of the
limiting infinitely divisible distribution. The parameter v controls the weight of the prior. Notice
that when v = 1, we recover the maximum a posteriori estimator when ¢ is a log likelihood. In our
experiments, we take o, = 0, = 1 and v = 0.2, and /¢ is the cross-entropy loss. We consider three
examples detailed in Section 6, namely, the deterministic, the horseshoe and the generalised BFRY
models. The deterministic and the horseshoe parameters are as in the simulated experiments. For
the generalised BFRY, we set « = 0.8 and 7 = 5. We bring to the reader’s attention that for the
deterministic model, the variance distribution is a Dirac at 1/p; therefore, the network is trained
with a similar parameterisation as the Neural Tangent Kernel framework (Jacot et al., 2018).

Feature learning. For each variance distribution, we train a network on MNIST and another
on Fashion MNIST to minimise Equation (49). For all the models, we reach a test accuracy of
approximately 98% on MNIST and 88% on Fashion MNIST, which are standard performances for
feedforward models. Exact numbers can be found in the compressibility paragraph hereafter. We
visualise the top-8 neurons of the first hidden layer of each model by plotting the 5 input images
that maximise the neuron output. For the horseshoe and generalised BFRY, the top neurons are the
ones with the highest variance /\,(Cl). For the deterministic, since all the variances are equal, the top

neurons are selected according to Zk(Wj(;))Q (using this metric for the horseshoe and generalised
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Figure 7: Number of unique images when a) representing each neuron using the top-30 images
that maximise the output of the top neurons, while varying the number of top neurons, and b)
representing each neuron by a varying number of images, while fixing the number of neurons to
thirty. Average of five runs for models trained on the MNIST dataset.

’Ifruncatmn Deterministic Horseshoe Gen. BFRY
(e, 1 — k)

0.0% 97.44 (£0.05) 97.94 (£0.09) 98.00 (£0.07)
80.0% 95.58 (+0.70) 97.94 (£0.09) 98.00 (£0.07)
90.0% 71.70 (£11.2) 97.94 (£0.09) 98.00 (£0.07)
95.0% 23.90 (£12.0) 97.94 (£0.09) 98.00 (£0.07)
98.0% 12.12 (£3.95) 64.22 (+£13.1) 65.74 (£6.98)
98.5% 10.36 (£0.63) 44.14 (£10.9) 50.76 (£2.90)

Table 4: MNIST truncation accuracy: Average accuracy and standard deviation (between paren-
thesis) using five independent runs.

BFRY leads to similar results). Figures 5 and 6 reveal a key distinction between the MoGP regime
(horseshoe and generalised BFRY) and the standard GP regime (deterministic). In the former
regime, the top neurons tend to be more specialised: each neuron learns a different feature. In the
latter regime, several top neurons learn the same features, which is materialised by almost equal
lines in Figures 5 and 6, such as the neurons 1, 4, 5, and 7 of the network trained on MNIST with
the deterministic model. To validate this phenomenon, we repeat the training of each model five
times. In Figure 7, we plot the evolution of the average total number of unique images among the
representative ones as a function of the number of top neurons, and also as a function of the number
of images considered per neuron. The total number of unique images is interpreted as a simple
metric to quantify the diversity of the learned features. The curves validate our hypothesis; in the
MoGP regime, the top neurons learn more heterogeneous features.

Compressibility. We expect the higher diversity of the features learnt by the top neurons to affect
the compressibility of the networks. We compare the degradation of the accuracy of the models
with node pruning. For the horseshoe and generalised BFRY, we prune the nodes as described in
Section 3.5 using the node variances /\S-l). For the deterministic model, we use > k(W;;))Q. For each
layer, a given fraction k of the nodes is kept. The mean and standard deviation of the accuracies
are reported in Table 4 for MNIST and Table 5 for Fashion MNIST. As expected, the horseshoe
and generalised BFRY outperform the deterministic model, with a slight advantage for the latter.
What is even more interesting is that the accuracies of the pruned generalised BFRY models have
a smaller variance. Though both the horseshoe and generalised BFRY have a power-law tail, the
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Truncatlon Deterministic Horseshoe Gen. BFRY
(ie., 1 — k)

0.0% 87.98 (+0.19) 88.70 (£0.20) 88.54 (£0.19)
80.0% 86.24 (+0.80) 88.70 (£0.20) 88.54 (£0.19)
90.0% 60.24 (£5.14) 88.68 (£0.19) 88.56 (£0.18)
95.0% 19.64 (£7.01) 88.50 (+0.12)  88.40 (+0.25)
98.0% 10.84 (£1.17) 76.56 (£3.35) 77.24 (£2.32)
98.5% 10.26 (£0.58) 58.26 (+£14.2) 60.44 (£+3.42)

Table 5: Fashion MNIST truncation accuracy: Average accuracy and standard deviation (between
parenthesis) using five independent runs.

tail of the horseshoe is heavier; in particular, the distribution has an infinite expectation, which is
not the case for the generalised BFRY. This can explain the difference between the models in terms
of variances. We believe this simple experiment serves as motivation to further explore the MoGP
regime beyond the horseshoe model, as different limiting distributions can offer valuable practical
advantages.

In Appendix F, we empirically verify on the Cifar10 dataset that using the MoGP framework as
a regularisation also improves the compressibility of convolutional neural networks.

7.3 MoGP in a Fully Bayesian Setting

We further demonstrate the MoGP in a fully Bayesian setting, where we simulate the posterior
distribution of a FFNN with MoGP priors on the weights. Let fy be a FFNN with ReLLU activation
and three hidden layers of width p = 2000. The log joint-density for classification with this FFNN
is then given as:

log g(6 Z log h(y;, fo(x;)) + Z log 7y (v ) + Z log WB(bgcl)) + Z log 7r>\()\§-l)). (50)
1,k j

7.kl

We consider the C-way classification problem where y; € {1,...,C} and h(y, fo(x)) is the categorical

likelihood, i.e., h(y, fo(x)) = softmax(fp(x)),, with softmax(fp(z)). = % to get proper
g ex ).

probability vectors.

We compare the deterministic, the horseshoe and the generalised BFRY models on MNIST and
Fashion MNIST datasets. We infer the posteriors of the network weights via Stochastic Gradient
Hamiltonian Monte-Carlo (SGHMC) (Chen et al., 2014) with batch size set to 100. We run the
samplers for 100 epochs through datasets and collect samples every 2 epochs after 50 burn-in epochs.
Following Zhang et al. (2020), we adopt a simple cosine-annealed step size with a single cycle and
set the first half of the epochs as an exploration stage (updating without noise for quick convergence
to a local minimum). For the generalised BFRY, considering the importance of the hyperparameter
«, we introduce a uniform prior on it and infer its value along with the model parameters. We run
every experiment five times and averaged results.

Compressibility. As in Section 7.2, we first compare the predictive classification accuracies of
the FFNN models under a varying truncation ratio. For all models, we collect 25 samples after 50
burn-in epochs (collecting a sample at the end of every 2 epochs after the burn-in), and the test
accuracy is measured with Monte-Carlo estimates of predictive distributions,

)

p(ys|2., D Z softmax(foe ())y. , (51)
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Truncation

. Deterministic Horseshoe Gen. BFRY
(ie., 1 — k)

0.0% 90.23 (£0.12) 97.83 (£0.07) 97.78 (£0.10)
80.0% 13.14 (£3.18) 97.93 (£0.06) 97.71 (£0.10)
90.0% 9.98 (£0.82) 97.73 (£0.04) 97.72 (£0.05)
95.0% 9.70 (+0.89) 97.59 (£0.06) 97.68 (+0.03)
98.0% 9.46 (+0.52) 87.97 (£3.74) 54.90 (4+4.13)
98.5% 9.46 (+0.52) 89.29 (£3.58) 57.69 (£11.15)

Table 6: Predictive classification accuracy on MNIST dataset under various truncation ratio.

Truncation

. Deterministic Horseshoe Gen. BFRY
(e, 1 — k)

0.0% 80.65 (+0.12) 87.72 (£0.12) 87.75 (£0.05)
80.0% 10.00 (£0.00) 87.57 (£0.28) 87.28 (£0.29)
90.0% 10.00 (£0.00) 87.43 (£0.28) 87.01 (£0.29)
95.0% 10.00 (£0.00) 87.27 (£0.32) 86.64 (£0.54)
98.0% 10.00 (£0.00) 80.65 (+3.73) 81.85 (£3.78)
98.5% 10.00 (£0.00) 59.34 (+£6.02) 68.34 (£6.71)

Table 7: Predictive classification accuracy on Fashion MNIST under various truncation ratio.

where D is the training set and 64, ...,60s are samples collected from SGHMC. As in Section 7.2,
we prune the nodes with respect to the magnitude of the node variances )\gl) and measure the test
accuracies of the pruned networks. Tables 6 and 7 summarise the results. FFNNs with horseshoe
or generalised BFRY priors are more robust to truncation; both maintain decent classification ac-
curacies even when 95% of the neurons are truncated. For the generalised BFRY, we present the
posterior samples of the hyperparameter « in Figure 8. The posteriors are well concentrated around

the range [0.7,0.8].

Feature learning. Finally, to demonstrate the feature learning aspect of MoGP priors, we conduct
a transfer learning experiment. We start by taking an external dataset, not used during training,
and split it into two halves Dy and D5. Then, we sort the neurons of the first hidden layers of the

+ 0.0
0.725 0.730 0.735 0.740 0.745 0.750 0.755 0.725 0.730 0.735 0.740 0.745 0.750 0.755 0.760
a a

Figure 8: Inferred o values for gen. BFRY on MNIST (left) and Fashion MNIST (right).
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Figure 9: Comparing feature learning aspect of FEFNN models via transfer learning. Results for
MNIST (left) and Fashion MNIST (right).

trained FFNNs with respect to their average magnitudes of activations over the images in D7, and
select the top-k activated neurons. Next, for each of these top-k activated neurons, we select m
images from D; which most strongly activate this neuron, and use the combined collection of these
images (over all the top-k activated neurons) to form a subset that will then be used for transfer
learning. Each image in this subset is then represented by a vector consisting of the activations
of the top-activated neurons. For instance, choosing the top-30 activated neurons and the top-10
activating images per neuron, results in 300 images in total in this subset (assuming no overlaps in
top-activating images). Each image in the subset is represented as a 30-dimensional vector which
is just the concatenation of activations from the top-30 activated neurons. Our hypothesis here is
that if a trained neural network exhibits feature learning, the subset of images selected in this way
is representative enough to express the important features in the set Dy, and so, if we train a new
classifier based on this subset, the resulting model should generalise well to Dy. To validate this
hypothesis, we train a light-weight FFNN with one hidden layer using the selected subset with the
selected vectors of activations. Then we evaluate the test accuracy of the trained light-weight FFNN
using the vector activation form of Dy computed from the neurons selected with D;. Since we are
working with a Bayesian model, for each configuration, we have multiple samples of parameters.
We first compute the Monte-Carlo estimates of the average activations using those samples, and
then use the estimates to sort neurons, select images and form vectorized activations. We perform
this transfer learning experiment with varying subset sizes, repeating all experiments five times per
configuration and take average results. Figure 9 summarises the result. As we expect, the horseshoe
and generalised BFRY models transfer well, while the deterministic model fails to transfer. In
particular, the test accuracy of the deterministic model does not increase as the size of the training
set increases, demonstrating that the model does not exhibit feature learning.

We comment that unlike our results in Section 7.2, the top-5 activating images for each of the
top-8 activated neurons do not show a noticeable difference between the deterministic case and the
rest in this fully Bayesian setting. See Figure 15 in Appendix F for the visualisation of those images
in the deterministic, the horseshoe and the generalised BFRY cases.

8. Discussion and Further Directions

Models with iid non-Gaussian weights. Neal (1996)’s seminal work on infinite-width limits
of shallow neural networks includes the case where weights are initialised by an iid symmetric
stable distribution. A subsequent thorough analysis (Der and Lee, 2006) showed that such networks
converge to stable processes as the widths increase, and this analysis was generalised from shallow
networks to deep networks (Favaro et al., 2020; Bracale et al., 2021; Jung et al., 2023). This line
of work (the iid model) and our dependent-weight model can both lead to infinite-width limits
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that are heavy-tailed non-Gaussian processes; however, the sources of heavy-tails in the two cases
are different. In the former (the iid model), the source is the use of a non-Gaussian, heavy-tailed
distribution for initialising weights, which corresponds to assuming in our setup that the Vj(,i) are
sampled independently from a heavy-tailed distribution, instead of a Gaussian distribution. In the
latter (dependent-weight model), on the other hand, the source is the use of a per-node random
variance that is shared by the weights of all outgoing edges from a given node. As a result, the
limiting networks of these two classes of models have different properties. In the former, nodes in a
layer of a limiting network are always independent, while in the latter, they are usually dependent.
Also, in the former, the limiting networks exist largely due to a normalisation adjusted for the
sum of heavy-tailed non-Gaussian random variables, while in the latter, the limiting networks exist
because the random variances of nodes in a layer remain summable at the infinite-width limit.
One interesting future direction is to study the generalisation of our model class where the Vj(,i)
are sampled independently from a stable or heavy-tailed distribution using techniques developed in
(Neal, 1996; Der and Lee, 2006; Favaro et al., 2020; Bracale et al., 2021; Jung et al., 2023). Such a
generalisation would be a good starting point for analysing the pruning of not only network nodes
but also edges. Also, our tools for handling the limiting random variables with infinitely divisible
distributions, and for analysing the tail behaviour and pruning of the limiting neural networks,
may help extend results of that line of work. Finally, we point out that Lee et al. (2022) studied
the infinite-width limits of neural networks where weights are initialised by iid Gaussians but the
shared variance of weights in the last readout layer is made random. This simple change caused
the limiting networks to be mixtures of Gaussian processes, increasing the expressivity of those
networks without sacrificing the tractability of Gaussian processes for inference much. Our work
differs from Lee et al. (2022) in that our models use per-node random variances, while theirs use
per-layer random variances.

Row-column exchangeable models. Tsuchida et al. (2019) introduced a general class of deep
FFNNs with dependent weights, and analysed their infinite-width limits. They consider? that, at
a given layer, the weights take the form Wj, = Fj././p, where the (infinite) array of random

variables (Fji) is assumed to be row-column exchangeable (RCE), that is (Fr, (j)m(k)) 4 (Fjk)
for any permutations m; and 7o of N. By the Aldous-Hoover theorem, any RCE array admits
the representation Fj; = f(A, B;,Ck, Dji) for some measurable function f and some iid random
variables A, B;, Cy, Dji. A crucial thing to note is that here none of the random variables depends on
the width p. In contrast, our model assumes that the rows are independent, and their distributions
may depend on p in a non-trivial way. The models presented in Section 6.4, which converge to a

GP, fall into this RCE class, as they can be expressed as Wy, = %ij More generally, Tsuchida

et al. (2019) show that RCE models converge to a MoGP. The properties of the infinite-width neural
network are, however, very different from those obtained in this article in the MoGP regime. A
key difference between the infinitely divisible models considered here and RCE models is that in
the latter, the weights still converge uniformly to 0 in the infinite-width limit: max;—y ., |Wjk| =
ﬁ max;—i,..p | Fj| P£ 0 as p — oo. This follows from the fact that (Fji) are exchangeable in j, and
thus conditionally iid. RCE therefore cannot exhibit the behaviour described in Proposition 4.

Lévy adaptive regression kernels. In the case of a single hidden layer with location parameter
a = 0, the infinite-width model falls in the class of Lévy adaptive regression kernels (Wolpert et al.,
2011), which is explored by Jang et al. (2017) for kernel learning.

Lévy measures and sparsity-promoting priors. The link between Lévy measures and sparsity
promoting models has been explored in the high-dimensional (sparse) linear regression setting, see
e.g. the works of Caron and Doucet (2008); Polson and Scott (2012); McCullagh and Polson (2018).

4. Under the assumtion that E[F;;] =0
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MoGP as a stationary distribution for trained networks with SGD. Understanding the
statistical properties of trained neural networks is a complex endeavor due to the non-convexity of
deep learning problems. The past decade has seen considerable efforts to provide theoretical tools to
understand neural networks trained with SGD. A fruitful line of research proposes to view the SGD
dynamics with a fixed step size as a stationary stochastic process (Mandt et al., 2016; Hu et al., 2017;
Chaudhari and Soatto, 2018; Zhu et al., 2019). The intuition is that with a constant step size, SGD
first moves towards a valley of the objective function and then bounces around because of sampling
noise in the gradient estimate. This stationary distribution governs the statistical properties of the
trained networks. The core question is then how to model the stationary distribution. In Shin
(2021); Barsbey et al. (2021), the authors base their models on the fact that when the networks are
trained with large learning rates or small batch sizes, heavy-tailed stationary distributions emerge
(Hodgkinson and Mahoney, 2021; Gurbuzbalaban et al., 2021). Under such a hypothesis, the authors
derive a generalisation bound as a function of the tail index of the weights. Both papers assume that
the weights of the trained network are asymptotically independent when the width is large enough.
In Shin (2021), the weights follow a Pareto distribution, whereas in Barsbey et al. (2021), the weights
follow a generic heavy-tailed distribution. One might explore whether our MoGP framework might
be used as a possible stationary distribution of a trained network, so that similar generalisation
bounds could then be derived (see Section 3.5 for more details). Our proposed framework has the
additional benefit of readily taking into account the summability of the weights as the width goes
to infinity, whereas other models would need to impose an additional scaling factor.

Infinite networks with bottlenecks. In order to allow for feature/representation learning in
infinitely-wide neural networks, Aitchison (2020) recently proposed the use of infinite neural networks
with bottlenecks. The idea is to consider the same iid Gaussian assumptions on the weights as for
NNGP, but to set one layer (the bottleneck layer) to have a fixed number of hidden nodes, while
taking the number of nodes in other layers to infinity. As shown by Aitchison (2020), the resulting
model no longer converges to a Gaussian process, but rather to a Gaussian process with a random
kernel, and this then allows for representation learning. The training dynamics of such a model is
also partially analysed (Littwin et al., 2021).

Our general approach allows to construct neural networks with bottlenecks similar to (Aitchison,
2020); the difference is that in our case, the limiting model is obtained by taking the widths of all
layers to infinity, including the bottleneck layer, but the number of active nodes in the bottleneck
layer remains finite in this limit, and converges to a Poisson distribution. For example, one way to
achieve this is to use, in the bottleneck layer, the Bernoulli prior described in Section 6.2 where, for
D > ¢, >\1(>lz),j ~ Bernoulli(¢/p;), for some ¢ > 0. The limit has parameters o) = 0 and p) = ¢6;. As
p; tends to infinity, the number of active hidden nodes of the bottleneck layer, that is the number of

nodes with A, ; > 0, converges to a Poisson random variable: Z?;l 1(z,, >0} < Poisson(c). Using

)\;ll)’ j=C2 /p1 for all other layers, we obtain a model where the bottleneck layer has a random number

of hidden nodes.

Deep Gaussian processes. Deep Gaussian processes (Damianou and Lawrence, 2013; Bui et al.,
2016; Dunlop et al., 2018) are hierarchical models where each layer is described by a latent variable
Gaussian process. That is, they denote a random function g : RP9 — RPL+1 of the form g(x) =
(fE+D o o fM)(x), where for each | = 1,...,L + 1, the I-th GP layer f() has width p; and is
defined as follows:

1
£O ;. RP—1 o RP t0(z) = (f"(2),..., 1(z))
with f;l) £ GP(0,k®) for some kernel k() : RPi-1 x RP-1 — R of the [-th layer. As noted

by a number of authors, a finite neural network with iid Gaussian weights is a deep Gaussian
process. Similarly, for our finite model, conditionally on the set of variances (/\gl),j)l:17---;L§j:17---;Pl7
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the model can be seen as a deep Gaussian process, whose kernels k) depends on (A;ll)7j)j:17"'vpl'
Assume oV = 0. In the infinite limit, as is apparent from Theorem 16, we still have a deep Gaussian

process, conditionally on the point processes {X?}Ql with mean measure p(). The Gaussian process
kernels are given by

EV(x,x') =040 KD (z,2') := 02 + o2 ny)qﬁ(zj)cé(z;) forl=1,...,L.

Jj=1

Neural tangent kernels. An interesting direction would be to investigate the behaviour of the
neural network during training by gradient descent when initialised with the MoGP model. In the
iid Gaussian case, it has been shown that the evolution of the neural network can be described
by a fixed kernel (neural tangent kernel) in the infinite-width limit (Jacot et al., 2018), and that
this kernel remains constant over training. We conjecture that in the MoGP case, when the Lévy
measure is non-trivial, we would obtain a random kernel in the infinite-width limit, where this kernel
evolves over training.
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Appendices

Organisation of the appendices. Appendix A contains background material on positive homo-
geneous functions, ReLLU kernels, regularly varying functions, stable distributions, conditions for the
convergence to infinitely divisible random variables and Lévy measures. Appendix B gives and proves
some limit theorems on independent triangular arrays. These results form the building blocks of the
proofs of the main theorems and propositions, which are given in Appendix C. Appendix D provides
additional secondary theoretical results on the properties of small weights in our model, and on the
infinite-width limit for multiple inputs in the symmetric a-stable case. Appendix E provides details
of the derivations for the examples given in Sections 1 and 6 and additional properties concerning
these examples. It also provides a general recipe to construct novel examples, and describes new
concrete examples. Finally, Appendix F provides additional experimental results, including stability
with respect to depth and our experimental findings on convolutional neural networks.

Appendix A. Background Material
A.1 Background on Positive Homogeneous Functions

Let ¢ : R — R be a positive homogeneous function. That is, for all a > 0,

plax) = ag(z).

Define Crip := max(|¢(1)],|¢(—1)|). Then, ¢ is Crip-Lipschitz continuous and satisfies |¢p(z)| <
Clip|z| for all z.

Proof We first show that |¢(x)| < Crip|z| for all z. When x is 0, ¢(0) = a¢(0) for all & > 0 and
so ¢(0) = 0. When = is not 0,

()] = ||

x
o (1%)] < el max(io(u)l. (=) = [olCup
Next we show the Lipschitz continuity. Let x,y € R. If both x and y are nonnegative, then

[¢(z) = o(y)| = [2p(1) —yo(1)] = [¢()||z — y| < CLip|x —yl.

If both z and y are nonpositive, then

[¢(z) — o(y)| = [(=2)¢(=1) = (=y)o(=1)| = [p(=D)[|lz — y| < Cuip|lz —y.

The remaining case is that one of x and y is positive and the other is negative. Without loss of
generality, we may assume that = is positive. Then,

[6(z) = ()| = |lzl6(1) = lylo(=1)| < [al|6(1)] + [yllo(=1)| < Crip(Jz| + |yl) = Criplz — yl-

A.2 Background on ReLU Kernels
. _ (X X2 X
Following (Cho and Saul, 2009), we have, for ¥ = , ~N(0,%) and a > 0,
Yo1 Yoo Y

1 a
E [max(0, X)“ max(0,Y)?] = by (X11X99) /2 Ja(6)

34



DEEP NEURAL NETS WITH DEPENDENT WEIGHTS

where 1
(6) = T+ st (o) [ cos” (o)
Ja(6) (4 1) sin () o (1 —cos()cos(z))>t! du
with 5
0 = arccos and -2
(p) V>

Furthermore, if & € N,

In particular, we have

J1(0) = sin(8) + (m — ) cos(0)
Jo(6) = 3sin(6) cos(9) + (7 — 0)(1 + 2 cos*(0)).

For a = 1/2, we show that

J1j2(0) = \/Z (2 EllipE (COS(ZM> — (1 - p) EllipK (COS(?H»

where EllipK and EllipE are respectively the complete elliptical integrals of the first and second
kind, defined by

(52)

. B /2 9 —1/2 _ 1 dt
EllipK (m) —/0 (1 —msin®(t)) dt—/o VA=) = mt?)

/2 1. /7 D)
EllipE(m) = / (1 — msin®(¢))/2dt = / V1o miZ g, (53)
0 o V1-—t2

which can be computed efficiently using the arithmetic-geometric mean. Writing the above expres-
sions in terms of the correlation p, we obtain

1
E[nmxahxgarnaxaxyqa]zzig(zhlzgga/Qmaug
where
5 + arcsin(p) ifa=0
T (2ENipE(2EY) — (1 — p) EllipK(251))  if a = 1/2
— _ 2 2 2

Ka(p) = Ja(arccos(p)) = 1—p2+ (g + arcsin(p)) p fa=1 (54)

3v/1—p?p+ (5 + arcsin(p)) (1 + 2p?) if =2

using the identities 7 — arccos(x) = 7§ + arcsin(z) and sin(arccos(z)) = cos(arcsin(z)) = v1 — 2.

We also have

i if =0
1 2a—1p 1/2 S if
E [maX(O,X)m} = 5E [XQO‘] = (Z1)” Féf/;—)/) — st fa=1/2
=1 ifa=1
D) 1
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Proof All of the above results are from (Cho and Saul, 2009), except for .J; 5 (or equivalently 1 /o).
Write x1/2(p) = T'(3/2)(1 — p®) f(p), where

o /2 cos(x)
0=

| o=
= .
o (1—pv)3/2y/1—02
Integrating with respect to p and using Fubini’s theorem,

P 1 1
/a f(u)du = 2/0 NG pv)l/dev + const. (55)

1
Using the change of variables u = 4/ HT“7 we have that

du

1 o)
1 4u
——dv = /
A \/5(1 - p’l))l/2 L—v? L (2U2 - 1)2\/27_&2171 \/1 - 2u§71 \/1 B (2u2171)2
o 4u

du

/1 V2i/u? — 222/2u2 — 2v/202

o0 d
_ \/5/ u
LoyJu? - V-1

w2

I
o
=
~
N
)
w‘—i—
—
N——

Differentiating Equation (55) with respect to p gives

flp) = £2 (2 EllipE <’);1> — (1 - p) EllipK <p;1)> .

1-p

A.3 Useful Lemmas on Regularly Varying Random Variables

A nonnegative random variable X is said to be regularly varying with index a > 0 if and only if
Pr(X > z) "X° 2 °L(z)

where L is a slowly varying function. That is, its survival function (a.k.a. complementary cumulative

distribution function) F(x) := Pr(X > z) is regularly varying with index —a.

Lemma 19 (Jessen and Mikosch, 2006, Lemma 4.1.(i)) Assume that X1 and X5 are independent
nonnegative random variables and that Xi is reqularly varying with index o > 0. If either X5 is
regularly varying with index o > 0 or Pr(Xo > z) = o(Pr(X;7 > x)), then X1 Xo is regularly varying
with index o > 0.

Lemma 20 (Jessen and Mikosch, 2006, Lemma 4.1.(iv)) Let X1, ..., X, be #d nonnegative random
variables with survival function satisfying Pr(X; > x) T cx for some ¢ > 0. Then,

aP~1cp
(p—1)!

Tr—00

Pr(X;... X, >a) "%

p—1

2~ %logl™ " x.
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Lemma 21 (Jessen and Mikosch, 2006, Lemma 4.2) Assume that Xy and Xy are nonnegative
independent random variables and that X1 is regularly varying with index o > 0.

A.1 If there exists € > 0 such that E[X5 "] < oo, then

Pr(X, X, > z) "X° B[X$] Pr(X, > ). (56)

A2 If Pr(X, > x) "X ca™® and E[X$] < oo, then Equation (56) holds.

Proposition 22 (Bingham et al., 1989, Theorem 8.2.1 p.341) Let X ~ ID(a, p) be a nonnegative
infinitely divisible random variable. Let F(z) = 1— F(x) be its survival function, where F is the cdf
of X. Then, for all a« > 0, the tail Lévy intensity p is regularly varying with index —« if and only
if F is also. Furthermore, in that case,

Ple) " Fla),

Proposition 23 (Resnick, 2005, Proposition 5(iii)) Let G be a reqularly varying function with index
a € R, and (ap)p and (bp), be two sequences that satisfy 0 < a, — 00, 0 < b, = 00 and a, e cby
for some 0 < ¢ < co. Then,

G(ap) e < G(bp).

Lemma 24 (Feller, 1971, Lemma 2, VIIL.8) If L is slowly varying at infinity, then for any § > 0,
there exists xo such that x=° < L(x) < 2° for all x > x.

A.4 Background on Positive Stable Random Variables

A (possibly degenerate) positive strictly stable random variable X ~ Stable(a,~) with stability
exponent a € (0,1] and scale parameter v > 0 has Laplace transform

Ele™X] = e~ 0" for t > 0.

It satisfies, for any n > 1, >°" | X, L pl/aX where X1, ..., X, are iid copies of X, and is an
important example of an infinitely divisible random variable. If « = 1, X =  is degenerate at ~;
for a € (0,1), it is non-degenerate with support (0,00). In general, X is infinitely divisible with

Y~ ID(0, pstable( - ; o, v/T'(1 — a)l/o‘)) if a €(0,1)
ID(~,0) ifa=1

where pstable(dz; o, ¢) denotes the following alpha-stable Lévy measure on (0,00) with stability
exponent «a € (0,1) and parameter ¢ > 0:

(0%

Pstable(dX; a, ¢) 1= ac :B_a_ll{z>0}da?. (57)

In the special case a = %, we have Stable(1/2,7) = IG(3,2), that is, the stable distribution with
scale parameter ~ corresponds to the inverse gamma distribution with shape 1/2 and scale /4.

Remark 25 Standard definitions of positive stable random variables are given for non-degenerate
random variables, with a € (0,1). See e.g. (Samorodnitsky and Taqqu, 1994; Janson, 2011). We
include here the degenerate case o = 1, as this case relates to the Gaussian process limit, as we
show in Section 5. For a € (0,1), our parameterisation Stable(a,~) corresponds to the standard
four-parameters parameterisation (Janson, 2011, Theorem 3.3) S (Y0, Po,d0), with Bo =1, do =0
and vy = y(cos(ma/2)) /.
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A.5 Background on Lévy Measures on (0,c0)

The generalised gamma Lévy measure (Hougaard, 1986; Brix, 1999) has three parameters n > 0,
a€(—oo,l)and 7> 0if a« <0and 7> 0if a € (0,1). It is defined by

1

—a—1_—T1x
= a)x e "rd. (58)

Peg(dzsn, o, 7) =1
It is finite when « < 0, and infinite otherwise. It admits as special cases the gamma measure when
a = 0 and the positive stable measure if o € (0,1) and 7 = 0. We denote the gamma measure and
(scaled) positive stable measures as

Peamma(d; 0, 7) := pag(da;n,0,7) = na™ e " da, (59)
Pstable(dT; v, €) = pgg(da; ac®T'(1 — @), a,0) = ac®z~ . (60)

Here n,7 > 0 for the gamma measure, and a € (0,1) and ¢ > 0 for the stable Lévy measure. The
c is called a scaling parameter. Note that ID(0, pgamma( - ;7, 7)) = Gamma(n, 7). Additionally, if
X ~ ID(0, pstable( - ; @, ¢)), then X is a positive stable random variable with parameter o € (0, 1),
with Laplace transform E[e *X] = e~ for y :=¢-T'(1 — a)'/*.

The stable beta Lévy measure with parameter n > 0, « € (—00,1), ¢ > —a is defined as (Hjort,
1990; Thibaux and Jordan, 2007; Teh and Gorur, 2009)

I'(l1+¢)
1—a)l(¢p+ )

psb(da;n, o, @) = " T (1 = 2) P M e 0,1)y da. (61)

It is infinite if & > 0 and finite otherwise. If a = 0, this is known as the beta Lévy measure.
The scaled stable beta measure has the additional scale parameter ¢ > 0, and is defined as

I(1+ ¢)c™
I'1l—a)l(¢+a)

pssb(dm; 1, &, ¢v C) =0 x_a_l(l - x/c)¢+a_11{16(0,c)}d1" (62)

The following proposition derives some connections between the scaled stable beta measure and
the generalised gamma measure, and some invariance property of the scaled stable measure. Sim-
ilar expressions were obtained by Griffin and Leisen (2017) for constructing dependent completely
random measures.

Proposition 26 (Gamma-function integral formulas) Let Gamma(x;a,b) denote the pdf of a
Gamma random variable with shape parameter a and inverse scale parameter b. Let k > 0, n > 0,
a € (—o0,1), >0, ¢ > max(0,—a) and b > 0. Then,

<1
Pae (dz' w, a, bc) =dx X /1/ — Gamma (f’ gb,b) Pssh(dz;n, a,0,1/c),  (63)

" (be) z
T 1/« o
Pstable (d:}:; a, g (W) ) =dz X K/O %Gamma (%, qﬁ,b) Pstable(d2; o €). (64)

Proof Let

1 x
v(z) = /1/0 2 Gamma (;, o, b) pssb(dz;m, o, ¢, 1/¢)

L CT(149)
TN (6 + o)1 —a

C—ab¢¢ B 1/c el —wb)e B
=TT =) 1/0 S Gt A

1/c
] / 2N a)2)? e F T (1 — )29 L,
0
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1 . _ 1 _ —du :
S —Cso that z = e and dz = Turoz We obtain

Using the change of variable u =

c % e w \*T!
_ o—1 ¢+a—1_—zb(utc) d
v(x) nHF(cﬁ—&-a)I‘(l—a)x /0 (u+c) e (u+c) U

%9 -1 . b(ute), atd—1
— rolu—r+c « d
"G+ ari-a)” / ‘ v
. o ) x¢flefbcmr(o‘+¢)
I+ a)l'(1l—a) (bz)ato
_ c—ab—a¢ —a—1_—bcx
“Tra-at ¢

which is the density of the generalised gamma Lévy measure with parameters (nx(bc)~%¢, a, bc) at
x.
Similarly,

<1 x
vo(x) == K/O 2 Gamma (;, o, b) Pstable(d2; @, €)

c*ab? /OO -1 ¢—1_—xb/z —a—1
=K— z (x/z e T E T dz
I'(¢) Jo (/2)
— KCO[O[U# xqﬁ—l /OO e—xbuu¢+a—1du
I'(¢) 0
cral(9+a) oy _ (KVOL(@+ VN o
T(g)b T($)1/b '

The following are corollaries of the above proposition, with Kk = ¢ =b = %, in combination with
Corollary 37.

Corollary 27 Let X1,Xs,..., be iid standard normal random variables, and (&;); be the points of
a Poisson point process with mean measure pssh(dz;n, «,1/2,1/¢) forn > 0, ¢ > 0 and o > —%.
Then,

Zﬁz ~ ID(Ovpssb( RR/ENeY 1/27 1/6))7

i>1

Zgi max (0, X;)* ~ ID (O,pgg ( n2072e c/2)) .

i>1

In particular, if additionally o =0,

Zgi max (0, X;)? ~ Gamma (Z, g) .
i>1

Corollary 28 Let X1, Xs,..., be iid standard normal random variables, and (&;); be the points of
a Poisson point process with mean measure psaple(dz; a,c) for some a € (0,1) and ¢ > 0. Then,

Zfl ~ ID(O7pstable( i Q, C))?

i>1

1/«
Zfi max(0, X;)* ~ ID <0apstable ( ;a,2c (W) )) )

i>1
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so that

¢ (T(/2+a)\""

i>1

40



DEEP NEURAL NETS WITH DEPENDENT WEIGHTS

Appendix B. Some Limit Theorems on Independent Triangular Arrays

Throughout the paper, we use a necessary and sufficient condition for sums of random variables to
converge to an infinitely divisible random variable, and also a sufficient condition for such convergence
when all the random variables involved have densities. These two conditions are summarised in the
following theorem. All the proofs of the examples in Section 6 and Appendix E.2 rely on these
conditions; details are given in Appendix E.3.

Theorem 29 (Necessary and sufficient conditions for convergence to ID(a, p))
Let (Xp i)p>1.4=1,...p be a triangular array of nonnegative real random variables, where for each
p > 1, the random variables X, 1,...,Xp, are itd. Let a > 0 and p be a Lévy measure on (0,00).

Then, Z§:1 Xy, 4 ID(a, p) if and only if the following two conditions hold:
(i) pPr(Xp1 > x) = p(z) for all x > 0 such that p({z}) =0, and

(i) pE[Xp1lix, ,<ny) = a+ foh zp(dz) for any h > 0 with p({h}) = 0.

If every X, 1 is an absolutely continuous random variable with density f,, and p is absolutely con-
tinuous with density o and support S, then condition (i) is implied by the following three conditions:

(a) pfp(z) — o(x) for all z >0,

(b) for any xo > 0, there exists Cy, such that %ﬁ)ﬁ) < Cy, for all x € [z9,00) N S, and

(c) for any zo > 0, ﬁxo’w)\s fp(x)dz = o(1/p).

In Theorem 29, we have included the second part since in practice, for continuous random variables,
conditions (a-c) will be easier to check than the condition (i).

Proof The first part of the theorem is a corollary of Theorem 15.28 in (Kallenberg, 2002). We
focus on the second part for absolutely continuous random variables.

Let (0, 00] = (0,00) U{oo} denote the set of positive reals with the addition of oo, which is called
the set of extended positive reals. Note that for any a > 0, [a, 0] is a compact set of (0,00]. Let
C#((0,00]) denote the set of continuous functions f : (0,00] — Ry with compact support. Note
that the functions are necessarily bounded as f(o0) € R...

Let (X, ;) be a triangular array of random variables such that for every p, (X, ;);=1,. p is an iid
sequence of random variables from p,,. By (Kallenberg, 2002, Theorem 15.29), pPr(X, 1 > z) — p(x)
for all > 0 such that p({z}) = 0 is equivalent to

Np 1= zp:éxm 4 n on (0, o0]
j=1
where 7 is a Poisson random measure with mean measure p. This is equivalent to showing that
Ele (9] = E[e™"9)]
for all g € C}£((0,¢c]). Pick g € C((0,00]). Let S C (0,00) be the support of p. We have

E[e~(9)] -0 9(Xy, ,)]

~B[c
E [eoog } p
< /O e 9@ f x)dx)
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Since g has compact support on (0, co], there exists zo > 0 such that g(z) = 0 for < xg. Then, by

assumption, %ﬂg) < Cy, for all z € SN[z, 00) and p > 1. Also, again by assumption, %‘iﬂ)ﬁ) —1

as p — oo. What we have proved so far lets us use the dominated convergence theorem and derive
the following convergence:

/ (1- e_g(l))MQ(x)dac — (1 —e 9@ o(x)dz.
SN[zg,00) Q(‘T) SN[zg,00)

Additionally, f]R+\S(1 — e 9Dpf, (z)dx < fR+\S pfp(z)dz = o(1). Hence,

ot PIe() @Y (2)d
A o+ [ (e

= —e79® p/y() x)dz _ e 9(@) 2Vda
/Sﬁ[xo,oo)(l ) o(x) o(z)d +/R+\S<1 )pfp(z)d

— e 9@ o(2)dz — - — e 9@ o(2)d.
e/S(l Jola)dz + 0 / 1 Jo()d

Recall that for any real sequence (a,),>1 converging to a, we have (1 — %”)p — e~ . Thus,

1 _ fo(2) P el ema@ _
_ =z _ o=@\ PIp\T) & (—e ) g(a)dr _ n(g)
(1 p/s(l e ) o(7) g(x)dz) —e Ele ]

Proposition 30 (Extremes of triangular arrays and infinite divisibility) Let

(Xp.i)p=1.4=1....0
be a triangular array of independent nonnegative real random variables such that for each p, (Xp ;) j=1,...,

are tid. Assume Z§:1 Xpj 4 ID(a, p) for some a > 0 and some Lévy measure p on (0,00). Let
7 Yu) :=inf{z > 0:75(z) < u},

the inverse tail Lévy intensity of p. For each p > 1, let X} 1)y > X, 2) 2 ... = X (p) denote
the order statistics of (Xp j)j. Then, the asymptotic behaviour of X, (ry, as p — oo, is solely

characterised by p (not a) with X, 1) 2o if p is trivial, and if p is non-trivial,

(Xp’(k)) k>1 > (ﬁ_l (Gk)>

with (Gi)k>1 being ordered points of a standard rate one Poisson process on (0,00) with Gy ~
Gammal(k,1). In particular, for non-trivial p, p~'(G%) is a nonnegative random variable, non-
degenerate at 0, with cumulative density function Fy, defined by

k>1

k=1 _, i
Fi(z) = e P@ Z p(zi') for any x > 0 with p({z}) =0
i=0
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and

FL(0) = e P0) Zk le O) if p is finite,
g 0 if p is infinite.

Proof From (Kallenberg, 2002, Theorem 15.29), Zle Xp.j 4 ID(a, p) implies that for any pre-
compact Borel subsets By, ..., By of the extended real half-line (0, 00] = (0, 00) N {o0},

(#{j | Xy, € Bi}) jzl i>(T)(Bi))l.c

=1

. . . . k .
where 7 is a Poisson random measure with mean measure p. In particular, (XP’(J'))]':l converges in
distribution to the joint distribution of the first £ arrival times, going backwards in time from oo,
of a Poisson process with intensity p. This is because for

O<ap<yp <Tp_1 < - <x1 <Y1 <xp =00

such that p({zx, yk,...,z1,y1}) =0,

k
_ﬂ{X &) € (@5,5)}

k-1
= Pr{ {n(zk,ye) = 1} N ﬂ{n %y;)—l}ﬂﬂ{n Yj,xj—1) = 0}

:(1—e pzr)— pyk)] H ) =Pl [p(z He (P(y;)=p(z;j-1)]

k—1
=(1- e*[ﬁ(mk)fﬁ(yk)])efﬁ(yk) H () — ply;)]
j=1

—(e77W) — 7@ T p(a;) — ly;)]

and the final expression on the right-hand side above can be seen to be the joint distribution of
those k arrival times. It remains to calculate the limiting distribution of the marginal X, (1.
For any x > 0 such that p({z}) =0,

k—1

Pr(X, k) ZPF #i | Xpj > a} =)

—>ZPr Z,00) = 1) Zp

The value at 0 follows due to the right continuity of the cdf. Finally, using the identity, for any

A>0,
1 .
Ae 2 AP
2o T (k) /1 e

ze*p )

we obtain

Ml S(2)ieP@  H(z)k e _
Z P() B = [;S(k)) /1 uF e @) dy = Pr(Gy, > p(x)) = Pr(z > 57 H(Gy))

43



LEE, AYED, JUNG, LEE, YANG AND CARON

where the last equality follows from the definition of the inverse tail intensity 7~ and the absolute
continuity of Gj. ||

Lemma 31 (Lévy continuity theorem for triangular arrays) Let (X,;)p>1.i=1,..p be a tri-
angular array of nonnegative scalar random variables such that for every p, (X, i)i=1,..p 1S an #d
sequence of random variables from a probability distribution p, on [0,00). Let a > 0 and p be a Lévy
measure on (0,00). Then,

ZXW 4 1ID(a, p) as p —

i=1
if and only if, for any t > 0,

| min) s at+ [ - e )
0 0
pointwise as p — o0.

Proof Recall that if S ~ ID(a, p), then E[e 5] = e~ where ¢(t) = [;°(1 — e="*)p(dw). By

the Lévy continuity theorem for Laplace transforms of nonnegative random variables, > 7| X, ; 4 ID(a, p)
if and only if, for any ¢ > 0,

E {e_t i Xp,z} = E [e—tXpJ];D

= (/Ooo e‘”up(dw))p

1 o) P
= (1 - f/ (1- etx)pup(dx)) — em AtV
b Jo

which holds if and only if [ (1 — e~ )pp,(dz) — at + ¥(t). ]

Proposition 32 (Compressibility of triangular arrays) Let

(Xp,j)p>1,=1,...p

be a triangular array of nonnegative real random variables such that for each p, (X, ;)j=1,..p are

iid. Assume 330_) X, 4 1ID(a, p) for some a > 0 and some Lévy measure p on (0,00). For each
p>1, let X,y > Xp2) > ... > X ) be the ordered values. Then, for every k € (0,1),

XP»(LHPJ) 50 as p — oQ. (65)
Moreover, if a = 0, then for each k € (0,1),
p
Z 1{XPvJ§XP~(LWPJ)}Xp’j p_>0 as p —» 0. (66)
j=1

Proof We first prove Equation (65). Suppose to the contrary that X, (|, does not converge to
0. Then, there exist ¢ > 0 and n € (0, 1) such that € is a continuity point of p (i.e. p({e}) =0) and
for any pg, there exists p > py such that

Pf(Xp,(anJ) > 6) >1n.
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Hence,

pPr(Xp1 > ) =B | ) 1(x, 5| > nlep). (67)
J

But pPr(X, 1 > €) = p(e) < oo, which gives a contradiction.
Now, suppose a = 0 and choose k € (0,1). We prove Equation (66) by showing that, for any
€ >0, as p — 00,

p
Pr Zl{Xp:jSXPv(LNPJ)}Xp’j >e| =0
j=1

Since a = 0, it follows that for any continuity point A > 0 of p,

h
PE[Xp11ix,,<ny] —>/ xp(dz)
0

as p — 00. (See the first part of Theorem 29, which is a corollary of Theorem 15.28 in (Kallenberg,
2002).) Thus, for any n > 0, there exist a continuity point hg > 0 of p and py € N such that for all
P 2 Do,
PE[Xp11ix,  <ho}] <1 (68)
Consider € > 0 and v > 0. Define 1 := (ye)/2. Let hg and py be such that Equation (68) holds
for n. Note that

p p
P> 1, <%, ot Xpd > €| =P 1, <X, 10 Xpd > € and X, () < ho
j=1 Jj=1

(69)

p
+Pr [ Y 1x, <, ) Ko > € and X, () > ho
j=1

We will prove that for all sufficiently large p, each summand on the right-hand side above is bounded
by /2. The next derivation uses Markov’s inequality and bounds the first summand in Equation (69)
for all p > po:

p
Pr Z 1{Xp,j§Xp,(anj)}vaj > € and XP,(I_H[)J) < ho < Pr ZXpyjl{Xp,jSh[)} > €
j=1 J

n_ e _ o

< PEXpalix,,<ho}] _e_7

- € e 2 2
The bound for the second summand in Equation (69) follows from Equation (65). There is p; € N
such that for all p > pq,

P

Pr Z 1{Xp,jSXp,(LK,pJ)}XPJ > ¢ and Xp,(LHpJ) > hg | <Pr (Xpy(LHPJ) > ho) <
=1

B2

Bringing these two bounds together, we can conclude that for all p > max(po, p1),

p
Pr Z l{XpJSXp-,(LNPJ)}Xp’j el <"
Jj=1
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as desired.
|

For the rest of this section, we consider the space Ky of positive semi-definite n X n matrices. To
state the results, we need to recall a few definitions regarding cones.

Let H be a finite-dimensional Hilbert space, and ||- || and (-, -) be its norm and inner product.
A nonempty convex subset S of H is a cone if A > 0 and x € S implies Az € S. A cone is proper if
x = 0 whenever z and —x are in S. The dual cone S’ of S is defined as S’ = {y € H: (y,z) > 0 for
all x € S}. Examples of proper cones include [0, c0), [0,00)¢, and the set K, of positive semi-definite
d-by-d matrices with real entries.

Let S be a proper convex cone of H. Denote by SU{A} the one-point compactification of the cone.
Let C(SU{A}) be the set of continuous functions f : SU{A} — R. For a function f € C(SU{A}),
define || f|| = sup,esuqay [f(2)]. Similarly, for a function g : S — R, define [|g]| = sup, ¢ [g(7)|.

The next proposition expresses Lévy’s continuity theorem for Ky, the cone of positive semi-
definite d-by-d matrices with real entries. In this case, the ambient space H is that of symmetric
d-by-d matrices with real entries, and its inner product and norm are inherited from the Euclidean

space R¥? We point out that with respect to this ambient space H, the cone K, is self-dual:
(Kq) = Kg.
Lemma 33 (Lévy continuity theorem on K;) Let p, 1, pio, . .. be probability measures on K.

If 1,(0) = [e= @, (dx) converges pointwise to fi(0) = [e~ @O u(dx) for every 6 € Ky, then

q
L, — [

Proof The proof follows that of Theorem 5.3 in (Kallenberg, 2002).
Assume that fi,(6) converges to fi(0) for every § € Ky. We have, using e™* < 1 for all ¢ > 1,

~ 1
L= n(0) = [ (1= e ) n(de) = Gn({os 0.6) = 1))
Ka
Hence, for all § € Ky and r > 0, we have u,({z : (z,0) > r}) < 2(1 — ,(8/r)), which then implies
limsup ({2 : (,0) > r}) < lim 21— in(6/r)) = 2(1 — i(0/1)).
n n—oo
Taking r — oo and using the continuity of g at 0, we obtain that

ILm lim sup pp, ({2 : (,0) >r}) =0.

From this, straightforward calculations show that

lim limsup p,({z : ||z]] > r}) =0,
r—00 n

that is, the sequence (p,), is tight. As a result, for any ¢ > 0, we may choose large r that
n({z : Jz|| > r}) <eforall n and p({z: ||z|| >r}) <e.

Now fix a bounded continuous function f : K4y — R, with ||f|] < m < oo. Pick an arbitrary
e > 0. Let r > 0 be the real such that p,({z : ||z|| > r}) < e for all n and p({z : ||z|| > r}) < e.
Define f, to be the restriction of f to the ball {||z| < r}, and extend f, to a continuous function f

on Ky U {A} with Hﬂ‘ < m. For instance, one can set

fl@)=f (”) x max(r + 1 — ||z ,0) for |z| > r.

[l
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By Lemma 34, there exists some function g(z) = >30_, Aje~ %) with 9; € K4 and \; € R such
that Hf— gH < e. We obtain

lnf — gl < |pnf — unﬂ + | nf = tng
<l ol = e ||f = 7|+ 79|
< (2m + 1)e,

and similarly for . Thus,
lnf — pf| < |pnf — pngl + lng — pgl + |uf — pgl
< lpng — pgl +2(2m + 1)e.
By the pointwise convergence of iy,
p
g — 19l < 37 gl (6) — 70|
j=1
—0

as n — 0o. Letting n — oo and then € — 0, we obtain u,f — uf. As f was chosen arbitrarily, this
proves [y, 4 . |

We state the following version of Lemma 5.4 in (Kallenberg, 2002) for the cone of d-by-d positive
semi-definite matrices.

Lemma 34 (Stone-Weierstrass theorem on K;) Every continuous function g : KqU {A} - R
can be approzimated uniformly by linear combinations of the functions x — e~ @0 for § € K.

We omit the proof of Lemma 34 as it directly follows from the general Stone-Weierstrass theorem.

Lemma 35 Let (X,;) be a triangular array of nonnegative scalar random variables such that for
every p, (Xpi)i=1,...p i an iid sequence of random variables from u,. Suppose also that (Y;) is an
iid sequence in the cone K,, of positive semi-definite n-by-n matrices with Y; ~ F and E[||Y1]]] < oo.
If >0 | X, converges in distribution to ID(a, p) as p — oo, then as p — 00,

P
Z XpiYi S ID(A,v) (70)

i=1

where A € K,, and the Lévy measure v on K, \ {0} are defined by

A= aBY), W(dz) = /OOO F (dz> pda).

T

Remark 36 The measure v defined above is indeed a Lévy measure. Obviously, v({0}) = 0. To see
that [ min(]|z||,1) v(dz) < oo, note that

Jminlzl 1) wtde) = [ [ winGellall D100 plde) Fic).
Here, note that, for nonnegative a and b, min(1,ab) < max(1,a)min(1,d). It follows that
[ minall 1)1y o) P < [ f a1 gl min1. )1y plde) F ()

< / (1+ [lyl) F(dy) / min(1, z) p(dz) < oo.

Kﬂ
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Proof Let § € K, = K,,. We calculate the following Laplace transform at 6:

. ( <92 Xy>> — (Bexp (— (0, X, Vi)
=1 p
([ [e o mian ran)
(=2 [ [ (=) ey i)
b Jk,
Now, for a fixed 0,y € K,,, Lemma 31 implies that
/ (1= e @2) puy(dz) = al6, ) +/ (1=e7@0=) plaa).

Note that, as a function of y, the above integral on the left-hand side is dominated by an integrable
function. Specifically, we get, for large enough p’s,

[ (1= 09 i) < [ ain1. (6.)2) puy (o)

< maax(1, (6,)) [ min(L, ) p (o)

E

< (1+ 19l yl) (a+ [ min12) pta) + ) ,

where we used the fact that min(1, ab) < max(1,a)min(1,b) for nonnegative a and b. As E[||Y1]] <
00, the last expression is integrable with respect to F(dy). By dominated convergence, it follows

that
p
i=1

— exp < <<9,aE[Yl]) + /K / (1 fe*“’ww) p(d:v)F(dy)>>
— exp (- ((&A) +/ (1-et2) u(dz))),

which is the Laplace transform of ID(A,v). By Lemma 33, (see (Davydov et al., 2008, Theorem
5.4)), the Laplace transform uniquely determines the distribution, so the proof is completed. |

E

In the special case when n = 1, we have the following.

Corollary 37 Let (X,;) be a triangular array of nonnegative scalar random variables such that for
every p, (Xpi)i=1,...p s an iid sequence of random variables from p,. Let Y1,Ya,.... be a sequence
of tid nonnegative random variables Y; € [0,00) with Y; ~ F and E[Y1] < co. Let a > 0 and p be a
Lévy measure on (0,00). Then,

> Xpi >1D(a, p) (71)
=1
implies
P
> XY S 1D(c,v) (72)

1=1
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where ¢ > 0 and the Lévy measure v on (0,00) are defined by

¢i= aB[Y], v(dz) = /Ooo F (‘”) p(de).

xT

When F has a density f with respect to the Lebesgue measure, the Levy measure v can be expressed
as

v(dz) := /OOO p(dz/x) f(x)dx.

In this paper, we often used this equivalent form of v.
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Appendix C. Proofs of the Main Theorems and Propositions
C.1 Proof of Theorem 5

Assume a) = 0. Then, Equation (15) follows directly from Proposition 32 in the Appendix and
Slutsky’s theorem.

Note that Tj(lJrl) /\Z(fl ;Yj, where the random variables Y; b (Vﬁj”)Q are iid, and do

not depend on p;. If a¥ = 0, then Corollary 37 implies that Z’;’:l T;ZH) — ID(0, v) for some Lévy
measure v. Equation (14) then follows similarly from Proposition 32 and Slutsky’s theorem.

C.2 Proof of Proposition 6

We assume here more generally that 5 (z) “<°° z=7L(z), where L is a slowly varying function.

k=1 gie—% o—0 4k

Using Proposition 4 and Proposition 30 in the Appendix with the fact that 1 —3 /") &5— "~" &7,
we obtain the first equivalence relations in Equations (16) and (17). We have

o 11
7D (z) = / 7 (2/2) Gamma (z ) dz
0 272
o 1
;g/ 7V (1/u) Gamma (u:lc )du
0 272

L i) —() ~1/2 —uz/2
= —x 1/u)u e "4 du.
or 7 (1/u)

We have 5 (1/u)u=1/2 “Z° 4™=1/2[(1/u). Using a Tauberian theorem (Feller, 1971, Chapter 13,
Theorem 2), we obtain

P0() "R =/ T+ 1/2)(w/2) e 2)

v 270(17 4 1/2)
Nz

The second equivalence relations in Equations (16) and (17) now follow directly.

x~"L(z).

C.3 Proofs of Propositions 9 and 10

Proof of Proposition 9. First consider Equation (35). We have S®) ID(%, %) as mentioned

in Equation (25). Also, we have shown in the proof of Proposition 6 that Equation (34) implies

70 l
70 () “2° 2 F(T\;JF 1/2) oD =r®
™

Equation (35) then follows from Proposition 22. For [ = 2, we have

Y@ (x) = 0 + 025V xW (x) (73)

where X1 (x) = 07 + o2 [ES _” is fixed. Thus,

(1)

Pr (53 (x) > u) "2 Pr(SY > u) - (0750 (x))" (74)

and the random variable ¥(?)(x) has a power-law tail with exponent f(1) = 7(1). We can now
proceed by induction. If ¥ (x) has a regularly varying tail with exponent S¢~1) and S® has a
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regularly varying tail with exponent 7!, then U+ (x) = o7 4 0250 2W (x) also has regularly
varying tail with exponent ) = min(g¢~1, 7)) by Lemma 19. Finally, we have, using Lemma 21,

Pr ((C’El))Q > “) P (E(”( ) > u) E [(59)26“*”}

u—00 O pi—1 F(B(lil) + 1/2)
Pr(El (x)>u) e YR

Proof of Proposition 10. If g, =0, then
2(l+1)( ) ||X|| l+1) H S

where S ... ST are iid and
Pr (S(j) > u) .

Here s
27T
c= —(T +1/2) c.
N
It follows from Lemma 20 that
l _
H u—00 7! 1(E)lu7710gz 1,

Therefore, for [ > 1,

2 T -1 l
Pr (E(lJrl)(X) > ’LL) u—>Noo <;<| O_g(l+1)> T (E) w7 logl—l .

Finally, we have, using Lemma 21,

Pr{( ) 2 e (500000 > o) e P,

C.4 Proofs of Proposition 11 and Corollaries 13 and 15
Recall the assumption (UI): For all layers | =1,..., L,

/ up® (du) = Ml(l) < 00, Néf) < oo for all p;, and Néf) —al) + Ml(l) as p; — 00.
0
As mentioned earlier, this is equivalent to the uniform integrability of the family

Z )\pl i (75)

pi

This can be seen by Durrett (2019, Theorem 4.6.3) and Skorokhod representation.
We start by introducing a lemma that results from this assumption.

Lemma 38 Suppose (UI) and (A1) hold. For alll=1,..., L+ 1, we have
2
sup E [(Z{l)(x; p)) ] < 00.
P
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Proof Recall Cy = E[¢(e)?] for € ~ N(0,1). Note that

2
E[(Z§l+1)(x;p)) } = 0’E ZAW (z" (x;p))| +of

— o’E ZAW B [0*(2{" ()] + oF

= J2C¢Ngl>E { Z0 (x ]
v I

Apply this recurrence repeatedly and note that E[(Z(l)( N2 = W (x) = o2|x||?/din + oF is a
constant. Then, we get

B| (2 xm) |

2 - -1
2||X|| <H02C¢N(l )—i—ab <H020¢Nl)+ +0oCy NS~ }>+1)

'=1 '=1

Since ngf) —a®) + Ml(l) as p; — oo for each [ =1,..., L, we have

SIIl)pE {(Zfl)(X; p))Q]
a?}”;i'z (lHl o2Cy(al! +M(”)>

I'=1

<2

-1
+ 0} (H 02C4(a®) + M) + - 4 020y (a"™ ) 4+ M{"™ 1))+1>
'=1

< 00.

where the supremum is taken for all p’s with large enough min p. ||

Proof of Proposition 11. Note that, for all p;,

B| (4" 6w - 21 xin) |

2
— o’F ZAM 00 ey (6020 (i) = 9(2;" (x:p)) )

Pr,d

+O’2E Z)\p” 0o </\*(l)}¢ ( (X P))

]1 PrJ—

2
< 0rCE NVE {(ZY)(X;I)) ~ 21V (x; p)) ]

!
+0,CE {(Z( '(x;p) } Z/\pl Ao <oy

]1 P77
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fu® .= sup, E [(Zfl)(x; p))Q} <ooforalll=1,...,L, we get the following recurrence relation:

B| (4" o) - 2 )|

2 D1
<oty MIB (2 0um) - 26|+ 20,008 | SN L i

j=1

2
=: Oig)CI%ipNz()f)E [(21([)(3’(5 p) — Z; (l)(x§ P)) } + UicﬁipU(”Aéﬂ)
Noting that Z{l)(x; p) = Zik(l)(x; p), it inductively follows that

B| (4" 6w - 21 xin) | (76)

< UgcgipU(l)Az()ll) + (aSCﬁip)zNéf)U(l’l)A(Fl) I (ggcﬁip)l]\[g) .. NéE)U(l)Aéll).

Pi—1
On the other hand, if U®) = oo for some [, the above inequality holds trivially.

Proof of Corollary 13. As mentioned in Remark 14, we prove the corollary in the setting where,
for each [ = 1,..., L, the tail Lévy measure satisfies

1
SIS AU (u> (77)

where o € [0,1) and LU is a slowly varying function. We also let Ml(l) = fooo up® (du), a =
max; o and 0 < d <1 —a.
From Theorem 29, it is straightforward to check that, for each I =1,..., L,

P
l d
DA < D0 /0.0) (78)

j=1

as p; — 0o, where we denote by p(l)|(0’5] the measure p() restricted to (0,¢]. (Technically, we need
to assume that e is a continuity point of pV). See Remark 40.) As the family in Equation (75) is
uniformly integrable, it follows that, for each I =1,..., L,

Pi
n _ 0] !
Aéz) =E ZAplvjl{/\Sl),jﬁf} — /xl{xge} ,0( )(d$)
j=1

as p; — oo. To finish the proof, we introduce a corollary to Lemma 24.

Corollary 39 Recall that o = max; oY) and 0 < § < 1 —«a. Then, for each | = 1,...,L, there
exists €V > 0 such that
7D (z) < (@49

for all z < M. Consequently, for alll=1,...,L,

20 (x) < g=(@F9)

for all x < ey, where ey = min; €V > 0.
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Proof Since p)(z) ~ :E*O‘(Z)L(l)(l/x), for any 7 > 0, we can find é) such that for all x < é®)
V(@) < (1" L),

Note that (1 +5)L"(1/x) is still a slowly varying function. By Lemma 24, there exists e} < &é?)
such that (1 +7)L®(1/z) < 279 for all z < €V). Thus, for every z < e(¥), we have

ﬁ(l) (LU) < x—(a(l)+6) )

The second statement automatically follows. ||

By Corollary 39, for any 0 < § < 1 — a, there exists ¢q(d) such that for € < eq(9),

€ 1
1 O (d </ 2O () dt < ——— ¢t (atd),
/LL’ {z<e} P (SC)_ Op () _1*(014»(;)6

Thus, for each I =1,..., L,

lim AW < ! el—(atd)

p—oo PLT 1 — (a4 )

By taking the limit of Equation (76) as min p — oo, we get

2
in B | (26w - 27 )|

min p—oo
22 71() 22 \2 1) 77(=1) 242 i) @)y €Y
< (0,CLipUY + (0,C1p) " MY U o+ (0,CLyp) MY - MU )m
= D(l)el_(o‘+5)
where
D(l) := ﬂ([](l) + (02C%, )M(l)U(l—l) + o+ (020 )l—lM(l) e M(2)U(1))
1—(O[+5) v ~Lip v ~Lip

is a constant not depending on e.

Remark 40 When checking Equation (78), it is necessary that the pruning level € is a continuity
point of pV) for alll = 1,...,L. However, if € is not a continuity point of some p"), we can find
such a continuity point that is arbitrarily close to € (or arbitrarily small; see Corollary 39).

Proof of Corollary 15. By Proposition 32, for each [ = 1,..., L and any & € (0, 1),

pi

) pr
E )\( 1. 0) =0
= Pi,J {Aplﬁngpl'mm)}

as p; — oo. As the family in Equation (75) is uniformly integrable, it follows that, for each | =
1,...,L and k € (0,1),

P
) _ O]
Ay =E Z)‘pz,jl{,\;’l{jg,\”) | 70
Jj=1 '

Py, (kp)

as p; — oo. Thus, by taking the limit of Equation (76) as minp — oo, we get

2
in B | (20 6p) - 21V xm) | =0

min p—oo
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C.5 Proof of Theorem 16

Let us denote X := (x1,...,Xy), the tuple of the n inputs in the theorem. Throughout this sub-
section, let X()(X) € R™ " be a (possibly random) covariance matrix depending on %, and let
(él)(i))jzl be iid centred Gaussian random vectors in R™, given the covariance matrix ¥ ().
Since the matrix ¢(§;(-l) (i))(b(gt;(l)(f))T is clearly positive semi-definite, we obtain the following corol-

lary from Lemma 35. Consider z' := (z1,...,2,)7 € R™. For a given activation function ¢, define

the map
Lz(u) = ug(D)$(2)" : [0,00) — R

Corollary 41 Let (C_;(-l)(fc’))j be iid centred Gaussian random vectors in R™ with covariance L (X).

Then, forl > 1,

Ny 20) A0\

> a0 (@) e (8" ®)

j=1
converges in distribution, as p; — oo, to S(Z)( X) ~ ID( ® p(l)) concentrating on the cone K,, of
n X n positive semi-definite matrices, where, for 1 > 1, @) and pV are defined as

i = aVE [¢ (") e (é”(i)ﬂ
pOE) = [ (L2008 ela2)

with & being the measure of N'(0,5W(X)) (i.e., the law of C_;(l)(i)) and (Lz),(p) denoting the
pushforward of p®¥ under the map L.

Note that the above corollary is later used in the setting of a random covariance matrix. However,
when it is used, we condition on the covariance, and thus for all intents and purposes, the covariance
is nonrandom.

Remark 42 Throughout the paper, we use two ‘dual’ perspectives of viewing the measure v. For a
distribution F' and a measure p, the measure v(dz) = [ p(dz)F(dz/x) is a mizture of a pushforward
distribution F(dz/x) (which maps each Borel set B CK, to F({z/z : z € B})) with mizing measure
p(dz). Note that, in some other places, we use v(dz) = [(L,)«(p)(dx)F(dz), where L,(z) = xz :
R — K, for x € [0,00) and z € K, which can be described as a mixture of a pushforward of p by
L. with mizing measure F(dz). Indeed, both definitions refer to the same measure: for a Borel set
BCK,, v(B)=(pQF){(x,2): zz € B}), where Q) denotes the product of measures.

Proof of Theorem 16. Recall that X = (x1,...,X,) is the tuple of the n inputs in the theorem.
Let t, e R" for k<mand 1 =(1,...,1)T e R™.

We start by calculating, for m € N, [ > 2 and p € N, the conditional characteristic function of
the size-m tuple of n-dimensional random vectors

(ZV(&ZP)kem = (2 (x1;D)s -+ Z (%03 D)k <ms

given {)\pl . ]}j and {Z(l 1)} {Z](-l_l)(i; p)};. Since both {V}(,?}jk and {B,(Cl)}k are iid and also
independent of each other we have

Pr—1

B | ] ew|ith BT +zz<tk7mvﬁ?¢<z”< )R IR AR )

k<m
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Pi—1

@ ¢ o 1-1) 1, -1 -1 (-1
= T Bloww i 800)] TT8[owp (s XLV AZ0) ) 40012700,
k<m
Pi-1
=[] exo| - <tk7 GPTTT 402 3" ATD o(Z0 D p(Z1 )T tk>
k<m j=1
Thus, the (unconditional) characteristic function w( 2D (%:p)) < satisﬁes

— —

w(zz(cl>(ﬁ?9))kgm (tl’ e 7tm)
Pi—1
LA <t'“’ o117+t Y N0 2 e 2T tk> . (19)
k<m =

We now prove the following convergence in distribution using induction on the layer I = 1,..., (L+
1): for all m € N, where we henceforth assume without loss of generality that m < py,

lim ... lim (Z\" U
(pl—llIEOQ pllgloo( (% P)Jk<m ) (G (R)k<m
where (_( )( X))k<m 1s the size-m tuple of the random vectors f( )( ) = (Clgl)(xl),... (l)(xn))

in R" defined as follows. When conditioned on ¥(!), the tuple (gk (X))k<m is distributed as
@k<mN(0,21), where ¥® is a random covariance matrix defined recursively by the kernels in

Equation (40). In other words, conditioned on (), the m components of (g:;(cl) (X)) k<m are iid Gaus-
sian vectors with covariance matrix (), while if we do not condition, then the joint distribution
("(l) (X))k<m is a convex mixture of iid Gaussian vectors with covariance matrix %) with the mix-
ture being governed by the randomness of £(). Since (Z,g ) (X;P))k<m does not depend on py, ..., pr,
(as long as p; is bigger or equal to m) the above convergence implies the claim of the theorem. In
our inductive proof, we explicitly denote the dependency of () on the inputs % by writing ¥ ().
Also, we fix m € N.

Case | = 1:
Note that in this case, for all p € N, both (Z,gl)(i; P))k>1 and (él)(i))kzl are iid even without
conditioning since £(1) is nonrandom. Each component follows the law A(0, £ (%)) and

(Z" (%)) kem = (G (R)) kem,

holds for all p € N-.

Case [ > 2:
By the induction hypothesis, we have the following convergence in distribution: for all m’ € N,
where we assume without loss of generality that m' < p;_1,

( bn ..l (700 (& p)>3<m/> DR (80)

Pi—2—>00 P1—00

where the left-hand side is interpreted as (Z;l)(i; P))j<m’ When [ = 2.

For all non-negative reals ci,...,cp,_,, and for all m € N and t1,...,tm, € R™, the function
h: R"*Pi-1 — (0, 00) defined by
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—

h((Z5)j<piori (Be)k<m (¢)j<p_y) =

1 . . Pi—1 - = .
H exp | —5 <tk, o117 + o2 Z cjd(Z)o(Z)T tk> , (81)
k<m j=1

is continuous in (Z})<p, ,, non-negative, and bounded by 1. Thus, we can use the induction hypoth-
esis for the (I—1)-th layer in Equation (80) and, from the definition of convergence in distribution,
deduce the following convergence for this bounded continuous function h:

. . 2(1—1) /- —
pm e im B {h ((ZJ(’ (% P’))jgpm%(tk)kgm,(%)y‘gmfl)] =

E (1 (&P ®Disposi Brsms (€)i<ns )|
Also, by Equation (79),

—

V(2O @59 (L1o- - )

=E [h ((Z;l_l)(i; p))jgp,,_ﬁ ({k)kﬁmv (A(l_l) )jSpt—l)}

Pi—1,]
2(1-1) /= g -1 -1
=E {E {h ((Z§ & P)i<pr: E)k<m, (A;l,l?j)jfpl—l) ’ (A;l,l?j)jSpH” ~

Since h is bounded, by the dominated convergence theorem, we have
e B 20 i) (P10 P

—

. . -1) /> g -1 -1
= lim_.. lim E[E[h((Z'76&P)ign 0 @decm A5 i) | 057 Din] |

p1—00 PL—1,] PL—1,]

PL—00 Pi—1,] PL-1,]

_E {E {h ((él‘”(i))jgpl,l; () k<ms (/\l(,l:?j)jstfl) ’ (Az(fzj?j)iém—lﬂ
=E {h ((C_;(-lil)(i))jgpl,ﬁ ({k)kSM> (/\S;i?j)jﬁpz—l)} :

To complete the inductive step, we now show that

. . Z(1—1) /> g -1 -1
=k Llhfgoo'“ tim B [h ((Z V&) i1 Fdrsm O i<o s ) ‘ oY )jSpHH

. 1-1) /o - -1 - o
plm B [h ((43( "®))s<piri Brsms (A;,,l?j)jSm_l)] = V(E0 ®)ype, (15 s tm)-
Since h is bounded, by the dominated convergence theorem, we have

lim E [h ((E;l_l)(i))jgpl,1§ ({k)kﬁmv (/\(l_l) )jépz—l)}

pi—1—>00 Di—1,]
= lm E {E {h ((Cq(-lfl)(i)) <o (k)< (/\(lfl)-) i< ) ‘ E(l_l)(i)H
Pl_1—0 J J=Pi-17 <ms \Npy_1,5/3<p1—1
i -1) /> g -1 T
—EL,EIEOOE[}I((?} (@i Edrm: O i) | 2 1>(X)H

where the nested conditional expectation has the following form by the definition of h:

PL—1,]

E 1 (V@i drsm Q5 D)o, ) | SU0R)] =

1 . . Pi-1 B B . B . . B .
E H exp 3 <tk, [GEITT —|—sz2} Z )‘SL,BM(CZ(Z 1)(X))¢(E§l 1)(x))T tk> n( 1)(X)

j=1
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Note that by Corollary 41, when conditioned on ¢~V (%),

Pi—1

ST @)V E)T | S 5D R) € R as proy — o,

j=1

where the random matrix S¢~(X) has an infinitely divisible distribution with Lévy characteristic
(a!=V, p=1) as defined in Corollary 41. Since [],.,, exp(—yi/2) is bounded by 1 for all non-
negative reals y1, ..., yx, the above convergence implies that as p;_; tends to oo,

Hexp - <tk, o117 +022Ap, Do @YoV )T t}> 21 (%)

Jj=1
1 /- - -
—E H exp (—2 <tk, [U?lTT + U%S(l_l)(i)} tk>) 2= (x)
kE<m

Thus,

—

. [ 1— — 1—
lim E|h ((@( 1)(X))j3pl_1;(tk)kgmv()\z(,l,f,)j)jSpl_lﬂ

Pi—1—0

=E |E H exp (—;<_’k,[a§f 2S(l 1)( )}E>> Z(l_l)(i)

- E H exp (-; <Fk7 Z(l)(i)Fk>)

The last equality follows from the definition of (_‘(l)(_'))k<m and the fact that when conditioned

on X (X), the random variables (_( )( X))k<m are iid with each component having the distribution
N (0,20 (%)). The justification of the second equality is slightly more involved. It follows from the
boundedness of ], ,, exp(—yx/2) for all non-negative reals yi,...,yx, and the below conditional

distributional equality: when conditioned on X0~ (%),
o117 + o250V (x) £ 0 (%),

which follows from the definition of 5(!~. To see this, condition on £¢~1(X). Then, as S¢~1 (%)
follows ID(a!~), 5=1)), it can be represented as al'™" + Y., X; where (X;);>1 are points in

R™ "™ which result from the pushforward of a Poisson process on (0, 00) with mean measure p¢—1),
as described in Corollary 41. Since p~1 is a pushforward of p(l’l)(du), X; can be represented as

X;l D (C_(l 1( X))o (C_(l 1( %))T. Thus, under our assumed conditioning on Z(l (), we have

11" + o750 (R) £ 11" + 07a ™ + 07 Y ATV VR TV ®)T £ 20®),

j>1

This completes the proof of the inductive case.
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Appendix D. Additional Theoretical Results
D.1 Properties of Small Weights in our Model

The following proposition characterises the rate of decay of the variances/weights, under a polyno-
mial decay of the tail Lévy measure at O.

Proposition 43 (Asymptotic properties of small variances and weights) Assume oY is an

infinite Lévy measure with tail 5\ (x) *20 cae for some a € (0,1) and some constant ¢ > 0. Let

@83) and \11831")1 be random variables in Proposition 4 such that )‘1(7?7(!@) 4 @EQ) and (W((é;;z)Q RN \Ifgglw)l
as p; tends to oco. Then, in probability,

1) k—oo ,_ - k—o0 ar.—1/a
) F R (p0) 7 (k) R MgV (82)

and for any m > 1, in probability,

- o (20T (o +1/2 1/
W R 02 @) (k) PR ((O‘J; /)(ag)ac) e (83)

Proof By Proposition 4, )\;ll)(k) L (W) ~1(Gy) as p; — 0o, where G, ~ Gamma(k, 1). Additionally,

— L—00
« ~J

by the law of large numbers % P1las k — oo. Also, p¥(x) *2% cz=o implies (W)~ ()
(z/ c)’l/ @. The rest follows from properties of regularly varying functions, see Proposition 23 in

Appendix A.3. Additionally, similarly to the proof of Proposition 6, ﬁ(l)(x) TR0 e implies
20 2°T (e + 1/2)95_0‘0
NS

concluding the proof. [ ]

v (x)

D.2 Infinite-Width Limit for Multiple Inputs in the Symmetric a-Stable Case
If, for some a € (0,1),

P
Z )\;ll)’j 4 Stable(a, 1) as p; — oo,
j=1

then the Poisson point process {Xy)}jzl in Theorem 16 has mean measure

(07

D (du) = ———u= " du.
poldn) = oyt “
Let K, denote the set of n-by-n positive semi-definite matrices and define the limit in distribution
() - 5 lim 7Y (x:
G ()= lim ... li;m Z.7(x:p)
which we recall is conditionally Gaussian given the previous layers 1,...,1 — 1. If ¢( ,El)(x)) has
sufficient moments, then for all n inputs x,...,x, € R%»  the n-by-n random matrix

R = (K(l)(xi’xj) - 05)2;‘:1
= 0328&%( ,gl)(xz-)) ¢(§,§l)(xj)) (84)

=t ij=1
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has a (strictly) a-stable distribution in K,, with characteristic exponent «;, i.e.,
c}/aR?) + C;/QRS) 4 (e1+ 62)1/QR(”7

where Rgl) and Rél) are independent copies of R®"). This allows us to strengthen Theorem 16 in
this special case. For a single input x € R%», we obtain a more precise form of the limiting output
distribution.

Theorem 44 («a-stable case, further results) Suppose that in the I-th hidden layer,

Z )\(l) < Stable(a, 1) as p — oo (85)
fora € (0,1]. Then, for any inputs X1, ...,%,, Theorem 16 holds with the random matriz (K'® (x;, Xj)—
af)ﬁjzl in Equation (84) having a conditional distribution, given KM ... K=V that is a-stable in

K,,. Moreover, in the case n = 1 with the single input x, the conditional distribution of K® (%, x)fcrg

is Stable(a, rV)(x)) where

1/«
r(l)(x):: ( “gb (l) ’ ’K(l),...,K(ll)}> )

Thus, given KM ... KUY the random variance K(l)(x,x) has the same conditional distribution

as
20 1/a
o2+ o2 ( “¢> )‘ ‘K(l),...,K(l_l)]>

Proof We assume, without loss of generality, that (Xg)) k>1 is ordered:

for A ~ Stable(a, 1).

WO 0.

By Proposition 30, the order statistics (/\;ll)(ly cee /\;lz) (o1)? 0,...) converge in distribution to (Xg))kzl,
1

a Poisson point process with intensity measure p()(du) = oI'(1 — @) *u~*"'du. Such a Poisson
process takes the form ((GyT'(1 — a))~%);>1 where (Gy)g>1 is a standard rate-one Poisson point
process on (0,00) (LePage et al., 1981; Davydov et al., 2008).

Given KW, ... K= we have that (( ,(cl)(xl), e (l)(xn)) )kzl are iid with common distri-
bution N (O,E(l)). Since ¢ satisfies the polynomial envelope condition, we have, conditioned on
KO . KU1 that d)(dl)(xi))d)( fl)(xj)) has conditional moments of all order for all pairs (4, j)
(importantly, recall that we defined the conditional expectation via regular conditional probabilities).
By the three-series theorem, >, <, X](cl)(b( ,gl) (x:))o( ,gl) (x;)) converges for all pairs (i, j). Therefore,
by Theorem 2 in (LePage et al., 1981), R is a-stable.

For the special case n = 1 with the single input x, setting Uy := ¢2( ,gl)(x)), by Corollary 37,
the Lévy-Khintchine formula and the integral formula (Samorodnitsky and Taqqu, 1994, p. 15)

Y = / (1-— e—wy)ﬁx_a_ldx for 0<ax<1
o _

we have that

eXp< tZ)\(l )

— exp (—E Uooo (1—e ) 1“(1a—a)x_a_lde
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= exp (—t“E[UT]) .
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Appendix E. Additional Details on the Examples
E.1 Detailed Illustration of the Main Results on the Simple Model in Section 1

Recall the four models briefly discussed in Section 1: for p; > 2,

(a) AW 1G (2 l) (b) )\(1). ~ Bernoulli (p%)

D1,J ,
(c) )‘1(711)3‘ ~ Beta (p , %) (d) )\1(711)] = ﬂ% where U; ~ Cauchy_ (0, 1)
> 1

where IG(31, B2) denotes the inverse gamma distribution with shape 8; > 0 and scale 33 > 0, and
Cauchy (0,1) denotes the half-Cauchy distribution with pdf in Equation (5). The 50 largest values

of a realisation of (/\;1 J)J:Lm,pl for a neural network of width p; = 5000 are represented in Figure 10
under these models.

These four models have different infinite-width limits. Under the inverse gamma model (a), the
infinite-width limit is the same as the iid Gaussian case, and Equation (3) holds. Under models
(b-d), the infinite-width limit is a mixture of Gaussian processes (see Theorem 16). That is, for each

case s € {b,c,d},
2 (2) (2) /
Z,7(x;p1) | 4 KPx,x) E?(xx)
N0, R %
< Z( )( 7p1) > ( ( K§2) (X, X/) K§2) (X,, X/) as pP1 o0 ( )

where K 52)’ KC(Q) and Kf) are random covariance kernels defined by

K®(x,x) := Z /\8; , max (O C(J) (x )) max (0, C((jl))g(x’)) . (87)
j>1
Here Xﬁg )\g; > ... >0 are random weights defined by (see details in Appendix E.3)

Ao L= N here ND ~ Poisson(2 88

()b 0 otherwise where ~ Poisson(2) (88)

A H Be where i * Beta(2,1) (89)

; -2
X(]—),d = (Z j> where E, id Exponential(2) (90)
k=1

and, for j > 1, ¢(}) % GP(0, K1) with K1) (x,x') = 2.

We have E[KIS2)] = E[K?] = K®. In the case (d), E[Kf)] is undefined.

Due to the shared random covariance kernel, the outputs are therefore dependent in the infinite-
width limit for examples (b-d). In the case (b), only a finite (random) number of nodes are active
(that is, such that )\(1)- > 0) in the infinite-width limit; the infinite-width network is equivalent
to a finite network Wlth a Poisson(2) number of hidden nodes. In the cases (c-d), an infinite
number of nodes are active in the infinite-width limit. The marginal random variances take the form
K (x,x) = (Sgl)||x||2)/alin for s € {b,¢,d}, where (see Theorem 8, Appendices E.3.1 and E.3.2,
and Corollary 27)

o Sl()l) ~ Gamma(%, 1) with N ~ Poisson(1)?;

5. with the convention that Sél) =0if N =0.
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(a) Inverse Gamma (b) Bernoulli
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Figure 10: The 50 largest values )\1()1)7(1) > )\;1))(2) > .. > )\;1))(50) of (Aﬁ;l),j)jzl,...7p1 in a neural

network of width p; = 5000 for examples (a~d). The y-scale is the same for all the plots. For (a), all
the values are non-zero and very small, of order (2/p1). For (b), only a small number of values are

non-zero, all being equal to 1. For (c-d), all the values are non-zero. For model (c), )\;11) (r) decreases
exponentially fast with &, while it decreases in O(k~2) for model (d).
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o 58 ~ Gamma(3, 1);

. Sé ~1G(3, 3) is an inverse gamma,/Lévy random variable.

In the case (c), Z,(f) (x;p1) converges in distribution to a normal-gamma® random variable. For (d),
it converges to a Cauchy random variable, and both dimensions of the output therefore have power-
law tails, with exponent 1. For model (a), for any k = 1, 2, Ir123u>(j:17__,4,1(I/V(Q))2 2 0, and the weights

are all asymptotically small. For each case s € {b,c,d}, rnaxj(T/Vj(,f))2 % M, where M, is a random
variable whose cdf is analytically available (see Section 3.4). In particular, in the horseshoe example

(d), M, follows a scaled Fréchet distribution. For models (b-d), let (W((1)) B2 > (Wg)) x)° = ... bethe

ordered weights connected to an output k. In the infinite-width limit, W((j)7 . decreases exponentially
fast with j for model (c), while it decreases in O(j72) for model (d) (see Appendix D.1). These
properties are of importance when using such models for pruning the nodes/edges of large networks.
A related important property is that of the compressibility of the network. Let A, (1) > A, (2) > -

be the ordered per-node variance terms. For some compression level k € (0, 1), let

din
*(2) 1)
Z (X5 p1s R Z \/ZI{A“) >)‘(1)<LW1J)}V - ( \/; Z i x)

be the neural network obtained by pruning a (1 — k) proportion of nodes with the smallest )\( )
values. The models (b-d) are compressible in the sense that the difference between the pruned output

Z, ) (x;p1, ) and the unpruned output Z ,(C )(X, p1) vanishes in probability in the infinite-width limit

(see Theorem 5). This is not the case for the iid Gaussian model, nor for model (a), which are not

compressible. The properties of the different models are summarised in Table 1.

E.2 Additional Examples

In Section 6, we discussed examples of models used in the literature, and the associated parameters
of the limiting infinitely divisible random variable of Equation (2). In this part of the appendix, we
provide additional examples and a general recipe behind some of these models and the Horseshoe
model. As in Section 6, we use a different scaling in some cases so that the limit exists without
being degenerate at 0.

All the proofs of the examples in this subsection rely on Theorem 29. Details are given in Ap-
pendix E.3. To simplify notation, we often drop the layer index [ fully or partially in the rest of this
subsection, writing e.g. Ap ;j ~ fip.

E.2.1 GENERALISED SPIKE AND SLAB PRIOR

As a generalisation of the Bernoulli case in Section 6.2, we can consider the following spike and slab
prior for the variances. Let ¢ > 0 and ¢ > 0. Consider

c c
Npi~|1——=) -0z, +—-H
D] ( p) /p p

for some probability distribution H (slab) on (0, 00). We have

> A SID(E cH).
J

6. Various authors use the name normal-gamma to mean different things. Here we mean a Gaussian mixture
distribution where the variance is governed by a gamma distribution.
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Name Mixture’s name Ip a Lévy measure Support|Finite?| Exp. a |Exp. 7
Determ. Gaussian 6C1/p c1 0 — — —
Bernoulli Spike and Slab (1 — %) - 8g + %51 0 cd1 {1} Yes 0 -
Gamma Group lasso |Gamma (pH'Tlﬂ, pl(pé%qlm c1 0 - - -

Beta Normal-beta Beta (£, 1 0| 71—zt | (0,1) No - -

Inv.-Gamma Multivariate t 1G (2,2/p) 2 0 - -
Inv.-Gamma Multivariate t | IG (oz7 1+ a)fl/o‘pfl/a) 0 az~*1 (0,00) | No |a€(0,1)|T=c
2
Beta prime Horseshoe %x71/2(1 + 225y~ 0 %m73/2 (0,00) | No 1/2 1/2
Resc. Beta Prime|Reg. Horseshoe See Equation (95) 0 T’ij/z (1- C%)71/2 (0, ¢?) No 1/2 -
Normal . =17
Gen. BFRY _gen. BFRY See Equation (48) 0 ﬁ’y(r —a,z)| (0,00) No |a€ (0,1)| 7>«

Table 8: List of models and their limiting location parameter and Lévy measure, with its properties.

E.2.2 STABLE LIMIT AND THE HORSESHOE MODEL

We describe here a family of models whose limit is a positive stable random variable, defined in Ap-
pendix A.4, which is a special kind of infinitely divisible random variable. The horseshoe model
(Carvalho et al., 2010) in Section 6.6, which has been used by Louizos et al. (2017); Ghosh et al.
(2018, 2019); Popkes et al. (2019) as a Bayesian prior for the weights of a deep neural network, arises
as a special case.

Models converging to a stable distribution. We consider that

Y.
N = 91
P,J (0110) l/a ( )
where Y7,Y5, ..., are iid nonnegative random variables with cdf F' and survival function F =1 — F
satisfying

Fly) "y~ (92)

for some index o € (0, 1) and some positive constant ¢;.” We have (Feller (1971, Theorem XVIL5.3),
see also Janson (2011, Example 5.5))

> Api SID(0, patabie( - 5, 1)) = Stable(a, T(1 — a)/®). (93)
J

In this case, the limit Lévy measure is the positive stable Lévy measure with tail Lévy intensity
Dstable (W; @, 1) = u~%*. It has power-law tails at 0 and oo, but with the same exponent «, thus
lacking some flexibility. This limitation will be addressed by our later example which permits
different exponents at 0 and co. There is a lot of flexibility in the choice of the distribution F'.
For example, all the following distributions have tails that satisfy Equation (92) for some constant
c1 > 0:
Y; ~ Pareto(a, ¢), Y; ~1G(a, 1), Y; ~ Fréchet(ar), Y; ~ Betaprime(c, @)

where ¢ > 0. Pareto(a,c) denotes the Pareto distribution with pdf f(z) = acax*a*11{$>c},
Fréchet(a) denotes the Fréchet distribution with cdf F(z) = e~ °
the beta prime distribution with pdf f(x) = x~1(1 + x)~¢ @ Flz(ci'lle;)
with ¥; ~ IG(a, 1) gives

and Betaprime(c, ) denotes
Combining Equation (91)

1
e 16 (o g )

While this model appears similar to the model in Equation (45), the asymptotic properties of the
two models are very different.

7. More generally, one could replace the constant ¢; by a slowly varying function L.
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Horseshoe distribution. The horseshoe model (Carvalho et al., 2010) arises as another special
case. One assumes that the random variables Y; have the same distribution as Y = T2, where
T ~ Cauchy; (0, 1) is a half-Cauchy random variable, with pdf given by Equation (5). The random
variable Y ~ Betaprime(1/2,1/2) is a beta prime random variable (with both shape parameters
equal to 1/2), with pdf

1

fr(y) = m

Its survival function satisfies 5
PI‘(Y > y) y_>NOO 7y71/25
T

and therefore Y has a power-law tail at infinity with exponent o = 1/2. Let ¢ > 0 be some scaling
parameter. Setting

m2Y;
)\p}j =cX Z]T;,
we obtain
> 2 S ID(0, patabie( - 11/2,¢)) = Stable(1/2, cm) = I1G(1/2, em/4). (94)
J

The limit is therefore a stable distribution, with exponent %, which is also inverse gamma with shape
parameter 1/2 in this case. The tail Lévy intensity pPqapie(2;1/2, ¢) has power-law tails at 0 and oo,
with exponent 1/2.

E.2.3 REGULARISED HORSESHOE AND STABLE BETA PROCESS

Ghosh et al. (2018, 2019) considered Bayesian learning of neural networks using regularised horseshoe
priors. In this case, we have

[
~
N

c4 =L

where T; ~ Cauchy, (0,1) and ¢ > 0. Note that A\, ; € (0,¢?) is bounded, with pdf

2

1
_1 _3 p’x
- x 2(1—%/62) 2 <1+2)) 1{$<Cz}. (95)

fol@) = (1—=z/c

33

We have, for any x > 0,

lim pf,(z) = % a7 (1—z/c?)

p—r00
An application of Theorem 29 gives
> A+ ID(0, p)
J
where
p(du) = % cyTE (1- u/62)7% 1iucc2ydu

is a (scaled) stable beta Lévy measure (Teh and Gorur, 2009). The Lévy measure has bounded
support, and the associated tail Lévy intensity increases polynomially at 0, with exponent o = 1/2,

2
p(x) TR0 Zpm1/2,
7r

The limiting random variable ID(0, p) has support (0, co).

66



DEEP NEURAL NETS WITH DEPENDENT WEIGHTS

E.2.4 GENERAL MODELS WITH ARBITRARY LIMITING LEVY MEASURE
It may be of interest to set the limiting constant a and the Lévy measure p, so that they satisfy a
number of properties, and then pick a distribution p, that makes 7, A, ; i>ID(CL, p).

First note that if 37, Ay ; 4. 1D(0, p), then >+ 3) 2 ID(a, p), so without loss of generality,
we restrict the discussion to models with a = 0.
If p is finite, then H(dz) = p(dz)/p(0) is a probability distribution, and one can simply set

upp;“)m(l”;‘”)ao.

If p is infinite, on the other hand, one can resort to the construction of Perman et al. (1992) (see

also (Lee et al., 2019)), with

(1— e~ (@)
p

where 1! is the generalised inverse of ¥ (t) = [;~(1 — e~*)p(du), the Laplace exponent of p.

iy (du) = p(du)

E.3 Derivations of the Beta and Horseshoe Examples in Sections 1 and 6

E.3.1 BETA MODEL (C) IN SECTIONS 1 AND 6.5

i
Ay~ Beta| =,b]).
D3 (p )

Consider

The pdf of A, ; is

F(n/p + b) xn/p—l

fp(x) = F(n/p)r(b) (]‘ - x)b_ll{.’tG(O,l)}
T +b _ _
:ZNJZfD&MﬂM1O_xV1Hmmmy
We have
b
by (@) = g P (L = 2 M ey

—na'(1- f)bill{xe(o,l)} = o(x).

This is the density of a stable beta measure pg, with parameters (#,0,b). For z € (0,1),

pfp(@) _ Tlm/p+b) ., I'(n/p+0b)
o) T/p+ DL@)" €@} = 10 hre) <

for p large enough. Finally, p, and p have the same support. Thus, Theorem 29 implies that
225 Ap.j i>ID(O7 p) with p(dz) = nz='(1 — )" 1,e(0,1)ydx. The tail Lévy intensity satisfies

p(x) "=’ nlog(1/x).

Let (X(l) > X(Q) > ...) denote the ordered weights of a Poisson point process on (0, 00) with mean
measure p. In the case b = 1, they admit the simple inverse-Lévy /stick-breaking construction (Teh
and Gorur, 2009)

J
AG) = H B, where 81,02 ... are iid Beta(n, 1).
k=1
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E.3.2 HORSESHOE EXAMPLE (D) IN SECTION 1 AND APPENDICES E.1 AND E.2.2

2
Let Ay ; = c%z% where U; ~ Cauchy (0, 1), with ¢ = 4. From Appendix E.2.2,

> " X HID(0, patable( - 51/2,¢)) = Stable(1/2, cm) = IG(1/2, cm/4).
J

Let (X(l) > X(z) > ...) denote the ordered weights of a Poisson point process on (0, 00) with mean
measure pgeable( - ;1/2,¢). They admit the inverse-Lévy representation

~ C
AG) = P 2
(Zk:l Ek)
where E1, Fs, ..., are iid exponential random variables with unit rate.

From Corollary 28,

> A max(0, X;)* S ID(0, patabte( - 5 1/2, ¢/(27))) = Stable(1/2, ¢/2) = 1G(1/2,¢/8)

where X5, Xo ..., are iid N(0,1) random variables. Using Proposition 4, for any = > 0,

Pr(max A, ; <z) — e=(@/e)7'?
J

which is the cdf of a Fréchet random variable with shape parameter o = 1/2 and scale parameter c.
Similarly, since o, = 1,
Pr(max Wfk <z)— = (@/(2e/m) ™/
J

which is the cdf of a Fréchet random variable with shape parameter o = 1/2 and scale parameter
2¢/7. Equivalently,

Pr(max [ W] < y) = e (¥/V?7)
J

which is the cdf of a Fréchet random variable with shape parameter o = 1 and scale parameter

V2¢e/m.
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Appendix F. Additional Experiments
F.1 Stability of MoGP for Deep Networks

A common practical problem that may emerge with deep models is that of the vanishing/exploding
norm of the output/gradient. In this subsection, we empirically investigate these phenomena for the
ReLU activation in the MoGP context. We consider the FFNN model with the generalised BFRY
variance distribution described in Section 7.1, with a fixed width of p = 1000 and univariate input
and output. The parameters of the generalised BFRY are fixed as in Section 7.1; here, only oy
and o, vary. For each depth, we simulate 500 random initialisations of the model. We investigate
the stability of forward passes by looking at the empirical distribution of the norm of the output
Z+Y)(x) as the depth L + 1 increases. For backward passes, we look at the empirical distribution
of the norm of the gradient of the loss with respect to the input weights W),
Theorem 8 states that the variance of the output follows the stochastic recurrence equation

n®) — of + 035(1—1)2(1—1)’

where SU—1) .= ?:1 A;l_l)qﬁ(ggl_l))Q and 5§-l_1) are i.i.d standard normals. It is well known that if

E[log JﬁS(l)} < 0, the random process L) is strictly stationary ergodic (Buraczewski et al., 2013).
If we further assume that o, > 0, the forward pass is stable (non-vanishing and non-exploding),
as illustrated in Figure 11. However, one can notice that, similarly to standard initialisations, a
non-zero bias leads to an unstable backward pass. With o, = 0, taking parameters such that
E[logo25"W] < 0 or E[logo25®] > 0 is not practical for deep networks as such parameters
lead respectively to vanishing or exploding outputs and gradients (see Figure 12). As illustrated
in Figure 13, taking parameters such that E[log 28 (l)] = 0 leads to relatively stable forward and
backward passes even at depth 20. However, we do observe an increased variance of the distributions.
In rare runs, this may cause difficulties in training the models.

10—2 4

forward
S

backward

e 2

1073 ——

5.0 10.0 15.0 20.0 5.0 10.0 15.0 20.0
depth depth

Figure 11: Stability of the forward and backward passes as the depth increases. Initialisation with
non-zero bias o, = 1 and E[log02S®"] = —1.

F.2 Using MoGP as a Regularisation for Convolutional Layers

In this subsection, we empirically illustrate how the MoGP framework can be used with convolutional
neural networks (CNN) to promote compressibility. Here we consider the more challenging dataset
Cifar10. The CNN model consists of two convolutional layers (Convl and Conv2) and a final fully-
connected layer (fc). Each convolutional layer is followed by a max pooling layer, with kernel size
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Figure 12: Stability of the forward and backward passes as the depth increases. Initialisation with
zero bias o = 0.
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Figure 13: Stability of the forward and backward passes as the depth increases. Initialisation with
o, =0 and E[log 035’(1)] =0.
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2 x 2. The weights of each convolutional layer | € {1,2} is a tensor of dimensions
n{) x O x K x KV,

where ny) is the number of filters of the layer, Ci(ylb) is the number of input channels (number of

channels of the input “image”) and K x Kg(,l) is the kernel size. For both Convl and Conv2, we
take K, = K, = 3. We note that ngcl), the number of filters of Convi, is equal to Ci(i) the number
of input channels of Conv2. In this CNN setting, the input channels of a convolutional layer play
the role of the input nodes in the FFNN setting. We reproduce the experiment of Section 7.2 and
assign to each input channel j of Conv2, a scale /\?°n"2 and associate penalisation. Notice that if we
prune a fraction 1 — k of the input channels of Conv2, then only a fraction x of the output filters
of Conv1 and the input channels of Conv2 are active; the total number of parameters of Convl and
Conv2 after compression is hence reduced to a fraction k of the original number. We also assign a
scale Af° to each input node j of the final fully-connected layer. This enables to compress the full
model and not only the convolutional layers. Both convolutional layers have 512 filters. The results
are reported in Table 9 and Figure 14. We can see that the conclusion of the FFNN setting still hold
in this CNN setting: using the MoGP framework as a regularisation during training leads to more
compressible models. We believe that similar results would hold for more complex architectures
such as ResNets, but leave this open question for future work.

Truncation

. Deterministic Horseshoe Gen. BFRY
(e, 1 — k)

0% 70.58 (£0.11)  69.66 (+0.12) 69.58 (+£0.24)
10% 68.26 (+0.33) 69.52 (£0.20) 69.52 (£0.34)
20% 66.13 (+0.68) 68.81 (£0.28) 68.36 (£0.46)
50% 52.15 (£2.9) 60.95 (£1.8) 59.35 (£0.57)
80% 29.10 (£1.0) 44.34 (£5.3) 40.52 (£2.7)
90% 19.25 (£1.6) 32.60 (£3.46)  29.23 (+2.7)

Table 9: Classification accuracy on Cifarl0 under various truncation ratio for a CNN model.

F.3 Further Results from MNIST and Fashion-MNIST

Figure 15 shows the top-5 activating images for each of the top-8 activating neurons in the deter-
ministic, the horseshoe and the generalised BFRY cases in our full Bayesian experiments.
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