Journal of Machine Learning Research 26 (2025) 1-31 Submitted 5/24; Published 1/25

Random ReLU Neural Networks as Non-Gaussian Processes

Rahul Parhi RAHULQUCSD.EDU
Department of Electrical and Computer Engineering

University of California, San Diego

La Jolla, CA 92093, USA

Pakshal Bohra PAKSHALBOHRA @QGMAIL.COM
Ayoub El Biari AYOUBELBIARIQGMAIL.COM
Mehrsa Pourya MEHRSA.POURYA @QEPFL.CH
Michael Unser MICHAEL.UNSERQEPFL.CH

Biomedical Imaging Group
Ecole polytechnique fédérale de Lausanne
CH-1015 Lausanne, Switzerland

Editor: Mohammad Emtiyaz Khan

Abstract

We consider a large class of shallow neural networks with randomly initialized parameters
and rectified linear unit activation functions. We prove that these random neural networks
are well-defined non-Gaussian processes. As a by-product, we demonstrate that these
networks are solutions to stochastic differential equations driven by impulsive white noise
(combinations of random Dirac measures). These processes are parameterized by the law of
the weights and biases as well as the density of activation thresholds in each bounded region
of the input domain. We prove that these processes are isotropic and wide-sense self-similar
with Hurst exponent 3/2. We also derive a remarkably simple closed-form expression for
their autocovariance function. Our results are fundamentally different from prior work in
that we consider a non-asymptotic viewpoint: The number of neurons in each bounded
region of the input domain (i.e., the width) is itself a random variable with a Poisson law
with mean proportional to the density parameter. Finally, we show that, under suitable
hypotheses, as the expected width tends to infinity, these processes can converge in law not
only to Gaussian processes, but also to non-Gaussian processes depending on the law of
the weights. Our asymptotic results provide a new take on several classical results (wide
networks converge to Gaussian processes) as well as some new ones (wide networks can
converge to non-Gaussian processes).

Keywords: Gaussian processes, non-Gaussian processes, random initialization, random
neural networks, stochastic processes.

1. Introduction

A shallow (single-hidden-layer) neural network is a function of the form

N
T — kaa(ng —b), ®cRY (1)
k=1
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where ¢ : R — R is the activation function, N is the width of the network, and, for
k=1,...,N, v € R and w; € R?\ {0} are the weights and by € R are the biases of the
network. It is well-known that, as N — oo, several such networks with i.i.d. random weights
and biases are equivalent to a Gaussian process (Neal, 1996). This result was extended to
deep neural networks with i.i.d. random parameters by Lee et al. (2018). This correspondence
enables exact Bayesian inference for regression using wide neural networks (Williams, 1996;
Lee et al., 2018).

Motivated by the tight link between wide neural networks and stochastic processes, we
study properties of shallow rectified linear unit (ReLU) neural networks with randomly
initialized parameters, henceforth referred to as random (ReLU) neural networks. We study
Poisson-type random functions of the form

SreLU () = Z Vg [ReLU(wgw —by) + ch + CO,k}, xc ]Rd, 2)
kEZ

where ReLU(t) := t4 = max{0,t}, the vy are drawn i.i.d. with respect to the law Py and
the (wg, by) are drawn such that

1. the activation thresholds' are mutually independent;

2. in expectation, the number of thresholds that intersect a finite volume in R? is a
constant (proportional to the product of a parameter A > 0 and a property related to
the geometry of the volume); and

3. for every finite volume in R?, the thresholds are i.i.d. uniformly in the volume.

The randomness that generates the (wy, by) motivates the denomination Poisson as
it mimics the randomness in the jumps found in a unit interval of a compound Poisson
process (Daley and Vere-Jones, 2007). The parameter A > 0 plays the role of the rate
parameter of a compound Poisson process and controls the density of activation thresholds
in each finite volume. The correction terms (x — c;_a: + o k) kez that appear in the sum are
affine functions that ensure that the sum in (2) converges almost surely. This is equivalent to
imposing boundary conditions on sger,y. These boundary conditions are crucial in proving
that, under suitable hypotheses on Py, sgreru is a well-defined stochastic process. This is
one of the primary technical contributions of this paper. Similar correction terms/boundary
conditions appear in the definition of fractional Brownian motion (Mandelbrot and Van Ness,
1968) and Lévy processes (Sato, 1999; Jacob and Schilling, 2001).

By restricting our attention to compact subsets Q C R%, say, to the unit ball B = {x ¢
RY : |lz||2 < 1}, we have that (see Section 4.1) the process (2) is realized by a random
Poisson sum of the form

N
SReLU‘B‘f (x) = wE)rac + bo + Z Vg ReLU(w,;ra: — br), (3)
k=1

where the width Ny is a Poisson random variable with mean AS, where S is proportional to
the surface area of BY, and w{x + by is an affine function. Thus, the form in the right-hand

1. The activation threshold of the neuron  — ReLU(w"x—b) is the hyperplane Hy, p = {x € R*: w'x = b}.
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side of (3) is a finite-width neural network with random parameters (including the width).
The affine function & — 'wg x + by is a skip connection in neural network parlance. As
A — 00, we have that the expected value of the width satisfies E[N)] — oco. Therefore, this
limiting scenario corresponds to the asymptotic (i.e., infinite-width) regime.

1.1 Contributions

The purpose of this paper is to study the properties of random neural networks as in (2)
and (3) for the class of admissible laws Py (in the sense of Definition 5) which, for example,
includes the Gaussian law. As these networks are completely specified by the law Py and
the rate parameter A > 0, we let

SReLU() ~ RP(A; Py) (4)

denote that srer,u is generated according to the randomness described above, where RP
stands for ReL U process. The main contributions of this paper are outlined below.

Random ReLU Networks as Stochastic Processes In Section 4, we prove that
sreLU 1s a well-defined stochastic process. In doing so, we derive the so-called characteristic
functional® of the process, which provides us with a complete characterization of its statistical
distribution. Further, we show that sgeru is the unique continuous piecewise linear (CPwL)
solution to the stochastic differential equation (SDE)

TReLU S Zuw st d™s(0) =0,|m| <1, (5)

where £ denotes equality in law and Trer,u = KZ A is the whitening operator for ReLU neu-
rons. The driving term w of the SDE is an impulsive white noise process which is constructed
from combinations of random Dirac measures. The boundary conditions 9™s(0) = 0,
|m| < 1, are crucial in guaranteeing the existence of solutions to this SDE. In the form
of the whitening operator, K is the filtering operator of computed tomography, Z is the
Radon transform, and A is the Laplacian (see Section 3 for a precise definition of these
operators). The operator Trer,u was proposed by Ongie et al. (2020) to study the capacity
of bounded-norm infinite-width ReL U networks.

Properties of Random ReLU Networks In Section 5, we derive the first- and second-
order statistics of spery. Specifically, we present a remarkably simple closed-form expression
for its autocovariance function. With the help of these statistics and the characteristic
functional, we show that sger,y is a non-Gaussian process. We then show that sgrepu is
isotropic and wide-sense self-similar with Hurst exponent H = 3/2.

Asymptotic Results In Section 6, we show that in the infinite-width regime (A — o0),
SReLU converges in law to a Gaussian process when Py is a Gaussian law with a variance
that is inversely proportional to A. On the other hand, when Py is a symmetric a-stable
(SasS) law with o € (1,2) and scaling parameter proportional to A~/ sg.u converges in
law to a non-Gaussian process.

2. The characteristic functional of a stochastic process is analogous to the characteristic function of a random
variable. See Section 2 for a detailed discussion.
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1.2 Related Work

There is a large body of work that investigates the connections between neural networks with
random initialization and stochastic processes. Early work in this direction is due to Neal
(1996) who proved that wide limits of shallow neural networks with bounded activation
functions are Gaussian processes when the (wy, by) are drawn i.i.d. with respect to any law
and the vy are drawn i.i.d. with respect to a law that has zero mean and finite variance.
More recently, it has been argued by many authors, with varying degrees of mathematical
rigor, that deep neural networks with i.i.d. random initialization are Gaussian processes in
wide limits (Lee et al., 2018; Matthews et al., 2018; Garriga-Alonso et al., 2019; Novak et al.,
2019; Yang, 2019; Dyer and Gur-Ari, 2020; Hanin, 2023).

Another line of work that is closely related to our setting is that of Yaida (2020), who
studies the stochastic processes realized by finite-width random neural networks and shows
that such processes are non-Gaussian. The results of this paper are complementary to
that of Yaida (2020) in that our finite-width networks as in (3) also correspond to non-
Gaussian processes. However, our work is fundamentally different as we use the framework
of generalized stochastic processes (see Section 2). This allows us to derive the characteristic
functional of the random neural network, which provides a complete description of its
statistical distribution (i.e., the law of the process). The characteristic functional also allows
us to easily study the limiting processes as the expected width E[N)] — oo, which Yaida
(2020) does not investigate.

In particular, we derive a novel and remarkably simple closed-form expression of the
autocovariance function of the ReLU processes. Another important distinction of our
asymptotic results compared to prior work on wide networks is that, in the asymptotic
regime (A — 00), the neural networks as in (2) and (3) can converge not only to Gaussian
processes, but also to non-Gaussian processes, depending on the specific choice of Py,. This
type of result was alluded to by Neal (1996) in the case of SaS initialization, although
theoretical arguments were not carried out. Thus, this paper is the first, to the best of our
knowledge, to carry out a rigorous investigation of the convergence of wide networks to
non-Gaussian processes.

2. Generalized Stochastic Processes

The mathematical framework used in this paper is based on the theory of generalized
stochastic processes (1t0, 1954; Gelfand, 1955; Gelfand and Vilenkin, 1964; 1t6, 1984) as
opposed to the more common “time-series” approach to studying stochastic processes. In
this section, we present the relevant background on generalized stochastic processes. We also
refer the reader to the book of Unser and Tafti (2014) for further background. While this
theory relies on some rather heavy concepts from functional analysis, it allows for elegant
arguments to investigate the properties of the stochastic processes realized by the random
neural networks in (2) and (3).

Throughout this paper, we fix a complete probability space (€2, F, P). Before we introduce
this theory, we first recall some results from classical probability theory. A real-valued random
vector X is a measurable function from the probability space (2, F, P) to (R%, B(R?)), where
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B(RY) denotes the Borel o-algebra on R?. The law of X is the pushforward measure
Px(A) = (X;P)(4) =P(X 1(4) =P{weQ: X(w)€ A}) =P(X € 4), (6)

for all A € B(RY). Consequently, the characteristic function of X is the (conjugate) Fourier
transform of Px, given by

Px(§) =E[X'¢], ¢eRr, (7)
where i = —1.

Generalized stochastic processes are random variables that take values in the (continuous)
dual of a nuclear space. In the remainder of this section, let N' denote a nuclear space and
N denote its dual. If u € N" and p € N, we let (u, p)n7xn denote the the duality pairing
of u and ¢ (i.e., the evaluation of u at ¢). A prototypical example of a nuclear space is the
Schwartz space S(R?) of smooth and rapidly decreasing test functions. Its dual &'(R9) is
the space of tempered generalized functions.® In order to discuss random variables that take
values in the dual of a nuclear space, we must equip that space with a o-algebra.

Definition 1 The cylindrical o-algebra on N, denoted by B.(N"), is the o-algebra generated
by cylinders of the form {u € N : ((u, 01) N7 xAs - - - (U, @N)N7xN) € A}, where N € N\ {0},
©1,..., o8 €N, and A € B(RY).

We remark that when A is not only nuclear, but also Fréchet, such as S(R?), the
cylindrical o-algebra B.(N”) coincides with the Borel o-algebra B(N”) (see Fernique, 1967;
Ito, 1984).

Definition 2 A generalized stochastic process is a measurable mapping
51 (Q,F,P) — (N, B.(N)). (8)

The law of s is then the probability measure Py = syP which is defined on B.(N"). The
characteristic functional* of s is the (conjugate) Fourier transform of P, given by

Py(p) = BePvn], g eN. (9)

Observe that this definition recovers the classical characteristic function for random
vectors that take values in R?. Indeed, R? is a nuclear space whose dual is R¢. Furthermore,
for any (z,£) € R? x RY, we have that (x,€)payge = @' €. The characteristic functional
of a generalized stochastic process contains all statistical information of the process in
the same way that the characteristic function of a classical random variable contains all
statistical information of that random variable. Analogous to the finite-dimensional case,
the Bochner—Minlos theorem (see Minlos (1959)) says that a functional P : ' — C is the
characteristic functional of a generalized stochastic process if and only if P is continuous,
positive definite, and satisfies P(0) = 1.

The attractive feature of the framework of generalized stochastic processes is that it
covers not only classical stochastic processes, but also processes that do not admit a pointwise
interpretation such as white noise processes. For example, a generalized Gaussian process is
defined as follows.

3. This space is often referred to as the space of tempered distributions. We adopt the nomenclature of
tempered generalized functions in this paper so as to not cause confusion with probability distributions.
4. The characteristic functional of a generalized stochastic process was introduced by Kolmogorov (1935).
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Definition 3 A generalized stochastic process s that takes values in N’ is said to be
Gaussian if its characteristic functional is of the form

~

) 1
Ps(‘P) = exp (1N8(‘P) - 525(907 90)>7 (10)
where o € N, s : N — R is the mean functional of the process, given by

ps (@) = E[(s, o)n7xn]; (11)

and X5 : N x N = R is the covariance functional of the process, given by

Es(p1,2) = E[({s, 1) nxn — s (1)) ({8, @2) a7 — pis(92))]- (12)

The above definition is backwards compatible with classical Gaussian processes that are
space-indexed, as shown by Duttweiler and Kailath (1973), yet it also includes Gaussian
white noise (Hida and Ikeda, 1967).

With this machinery in hand, the primary technical contributions of this paper are (i) to
prove that, for any A > 0 and any admissible Py (in the sense of Definition 5), the random
neural network sgepu ~ RP(A; Py ) is a generalized stochastic process that takes values in
S'(R9), and (ii) to provide an explicit form of its (non-Gaussian) characteristic functional
(Section 4). With the help of the latter, we then derive various properties of the stochastic
process in the non-asymptotic regime (Section 5) and also study its asymptotic (A — o0)
behavior (Section 6) for various Py.

3. The Radon Transform and Related Operators

Our characterization of random ReLU neural networks as stochastic processes hinges on
the whitening operator that appears in the SDE (5). This operator is based on the Radon
transform. In this section we introduce the relevant background on the Radon transform
and related operators. We refer the reader to the books of Ramm and Katsevich (1996) and
Helgason (2011) for an in depth treatment of the Radon transform. The Radon transform
of p € L'(RY) is given by

R0} (u, 1) = / o(@)dz, (u,t) €S xR, (13)
ule=t

where da denotes the integration against the (d — 1)-dimensional Lebesgue measure on

the hyperplane {x € R?: u'xz =t} and S ! = {x € R? : |z|2 = 1} denotes the unit

sphere in R%. Observe that the Radon transform of ¢ is a even since (u,t) and (—u, —t)

parametrize the same hyperplane. The adjoint operator, or dual Radon transform, applied

to ¢ € L®(S%"! x R) is given by

X {p}(x) = /Sdl p(u,u'x)du, x=cR, (14)

where du denotes integration against the surface measure of S 1.
Let S(S?! x R) denote the Schwartz space of smooth and rapidly decreasing functions
on S x R. The range of the Radon transform on S(R?), defined by Sz = %(S(Rd)), is
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a closed subspace of S(S?! x R) (Helgason, 2011, p. 60). Therefore, since S(S?~! x R) is
nuclear, S is also nuclear. The next proposition summarizes the continuity and invertibility
of the Radon transform.

Proposition 4 (Ludwig 1966; Gelfand et al. 1966; Helgason 2011) The operator #
continuously maps S(R?) into S(S¥~! x R). Moreover,
1 d—1

— A R(-N)TF =1d (15)

T -
A)F #H = gy

1
KA = —7F—(—
2(2m)d-1 (
on S(RY). The underlying operators® are the Laplacian A = Zzzl 8§n and the filtering
operator K = W(—@f)%. Furthermore, Z : S(RY) — Sy is a homeomorphism with

inverse #~ ' = #* K : Sy — S(RY).

4. Random ReLU Neural Networks as Stochastic Processes

In this section, we will prove that, for any A > 0 and admissible Py, the random neural
network s ~ RP(\; Py ) is a well-defined stochastic process and derive its characteristic
functional on S(R?). The admissibility conditions in Definition 5 are rather mild and most
choices of Py (e.g., Gaussian, SaS for 1 < a < 2, uniform, etc.) satisfy these hypotheses.

Definition 5 We say that the probability measure Py is admissible if

1. it is a Lévy measure, i.e., it satisfies Py ({0}) = 0 and [ min{1,v*} dPy (v) < oo,
and

2. it has a first absolute moment, i.e., if V ~ Py, then E[|V]] < cc.

Given a ReLU neuron « — ReLU(w'x — b) with w € R%\ {0} and b € R, we observe
that, thanks to the homogeneity of the ReL.U,

ReLU(w @ — b) = ||w||2 ReLU (@ '@ — b), (16)

where w = w/||w|2 and b = b/||w||o. Therefore, the space of functions representable by
shallow ReL U neural networks with input weights constrained to be unit norm is the same
as the space of functions representable by shallow ReLU neural networks without constraints
on the weights (Parhi and Nowak, 2023b; Shenouda et al., 2024). To that end, we focus on
neurons of the form ReLU (w2 — b) with (w,b) € S9! x R.

An important property of the operator Trery = KZ A is that it “whitens” ReLU
neurons. This result was implicitly proven by Ongie et al. (2020, Example 1), explicitly
proven by Parhi and Nowak (2021, Lemma 17), and then further investigated by, e.g.,
Bartolucci et al. (2023, Lemma 5.6) and Unser (2023, Corollary 11). The whitening property
is summarized in the following proposition.

Proposition 6 For any ReLU neuron

T (w,b) (T) = ReLU(w'x — b) (17)

5. Non-integer powers of (—A) and (—87) are understood in the Fourier domain.
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with (w,b) € S¥~1 x R, we have that

TReLU T (w,b) = O(uw,p)> (18)

where §§ = (0, 4+ d_2)/2 denotes the even symmetrization of the Dirac measure d, supported
at z € S x R,

The equality in (18) is understood in M¢(S9~! x R), the subspace of even finite (Radon)
measures on S x R. The arguments of the proof are based on duality. Indeed, observe
that the adjoint of Treru takes the form Thuy = AZ* K (since A and K are self-adjoint).
Furthermore, from Proposition 4 combined with the fact that A : S(R?) — S(RY) is
continuous, we see that Th oy : Sz — S (R9) is continuous. Therefore, by duality, TReru :
S'(RY) — S, is continuous. Since T(w,b) € S'(R?), we have that Trery T(w,p) 18 indeed
well-defined. Finally, M¢(S%~! x R) is continuously embedded in S, and so any finite
measure in the range of K% can be concretely identified to have even symmetries (see Unser,
2023; Parhi and Unser, 2024, for a detailed discussion). These symmetries are evidenced
by the fact that the Radon transform of a “classical” function is necessarily even from the
integral form in (13).

Proposition 6 motivates us to study Radon-domain impulsive white noises that are
realized by Poisson-type random measures of the form

Whoi = >, 0k Sl 1) (19)
keZ

where vy, L Py for some admissible Py (in the sense of Definition 5) and the collection of
random variables ((wg, by)),ez is a (homogeneous) Poisson point process® on S77! x R with
rate parameter A > 0. This point process satisfies the following properties.

1. The (wg, bg) are mutually independent.

2. For any measurable subset II € S%~! x R, if we define the random variable

NH = \{(wk,bk) : (wk.,bk) S H}‘, (20)
then "
P(Nyy = n) = (Ag)em, (21)

where |II]| denotes the d-dimensional Hausdorff measure of II. That is to say, Ny is a
Poisson random variable with mean A|II|.

3. For any measurable subset B C S~ x R,

P((wetu) € B (web) € ) = 20 (22)

That is to say, if a point lies in II, then its location will be uniformly distributed on II.

6. For a general treatment of point processes, we refer the reader to the book of Daley and Vere-Jones
(2007).
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Next, if we suppose that there exists a “suitable” right-inverse TEBLU of Trer,u that
satisfies Trer,U TkeLU =1d on S8, then, intuitively, we could “invert” the result of Propo-
sition 6 to find that TEGLU{pri} is precisely a random ReLU neural network generated
in (2). It turns out that such a family of right-inverses exist. These inverses were first
proposed by Parhi and Nowak (2021, Lemma 21) in order to prove representer theorems
for neural networks. Some further properties of these operator were identified by Parhi and
Nowak (2022) and Unser (2023). We summarize the properties from Parhi and Nowak (2021,
Lemma 21) and Unser (2023, Theorem 13) that are required for our investigation in the
next proposition.

Proposition 7 For any € > 0, there exists an operator TEeLU defined on S, such that, for

any w € S,

TRreLU TEeLU w=w, (23)
[(0™g3) = Tl {w}| (0) = 0,jm| < 1, (24)

where g3 R? — R is the multivariate Gaussian probability density function with mean 0 and
covariance matriz diag(e, ...,e). The restriction of TEQLU to the subspace Me(S¥™1 x R) C
S, continuously maps Me(ST! x R) to S'(RY). This mapping is realized by the integral
operator

Tie
ReLU | \fe(sd-1xR)

@) = [ k) duu) (25)

whose kernel is given by

UTCC — . son
ke (u,t) = ReLU(u'a —t) — (2t) - (9? * ‘2’> (t) + (u'x) (g‘{ * %) (t)
=ReLU(u"2 —t) 4 u§ ' + £, (26)

where sgn is the signum function. Furthermore, there exists a universal constant C > 0 such
that
ko (u, t)| < C(1+ ||z|l2) for all (u,t) € STt x R. (27)

Remark 8 The purpose of introducing the e-indexed right-inverse operators is for a mollifi-
cation argument. We will eventually consider the limit e — O (see the proof of Theorem 9 in

Appendiz A).

With this inverse operator, we observe that, if wp; is an impulsive Poisson noise with
rate A > 0 and weights drawn i.i.d. according to Py (as in (19)), then, for any ¢ > 0,

TTPfeLU{wPOi} = TTREeLU { Z Uk 6(ewk7bk) }

keZ

= Z Uk TEeLU {5?wkvbk) }

kEZ

= > vk [ReLUw] () = bi) + T () + i (28)
keZ
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where the second line is justified due to the uniform bound in (27), and the third line follows
from (25). Therefore, TE:eLU{wPoi} is a random neural network as in (2) that satisfies the
boundary conditions in (24). We write

SkeLu ~ RP* (A Pv) (29)
to denote that s is such a random neural network. Furthermore, we let
sreLU ~ RP(A; Py), (30)

as introduced in Section 1, correspond to a random ReLU neural network that satisfies the
the limiting boundary conditions as € — 0. That is to say, 0™ sgrer,u(0) = 0, |m| < 1, with
the convention that the value of a piecewise constant function at a jump is the middle value.

In the next theorem, we prove that these random neural networks are well-defined stochas-
tic process that take values in S’(R?) and provide a complete statistical characterization
through their characteristic functional.

Theorem 9 For any e > 0, A > 0, and admissible Py (in the sense of Definition 5), the
random neural network sg gy ~ RPS(X\;Py) is a measurable mapping

sheLu © (2, F, P) = (8'(RY), B(S'(R7)) (31)

with characteristic functional given by

ﬁsaRLU(go):exp<A / / / (ei”TKeiu{wﬂu’t)—Q dudthV(v)), v e S[RY, (32)
© R JR Jsd-1

where du denotes integration against the surface measure on S*1 and
T o [ () do (3)
is the adjoint’ of TEeLU' Furthermore, sg .y 18 the unique CPwL solution to the SDE

<z
TReLU § = wpoi  s.t. [(0™g) *s](0) =0,|m| <1, (34)

among all tempered weak solutions,® where wpo; is an impulsive Poisson noise with rate A
and weights drawn i.i.d. according to Py (as in (19)). All other tempered weak solutions to
the SDE take the form sg .y + h, where h is a harmonic polynomial of degree > 2.9
Finally, in the limiting scenario (¢ — 0), we have that sgeLu ~ RPN Py) is a
measurable mapping (Q, F,P) — (S'(RY), B(S'(R?)) with characteristic functional given by

~

PsReLU(QO)ZeXp<)\ / / / (e Thant 0 1) dudthV(v)>, o e S(RY), (35)
R JR JSd-1

7. Observe that TK:LU is well-defined on S(R?) thanks to (27).

8. A tempered weak solution to the SDE is any random tempered generalized function s* € S'(Rd) that
satisfies (34). Such a solution is referred to as “tempered” as it lies in S’(R%) and “weak” since the action
of Trer,u on s* is understood by duality.

9. A harmonic polynomial k is a polynomial defined on R? such that Ah = 0 on all of R%.

10
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where TE;LU is the limiting operator as € — 0 whose kernel is kg == lim._,0 k5, (pointwise
limit). This random neural network is the unique CPwL solution to the SDE

TReLU 8 2 wpoi  s.t. 9™s(0) = 0, |m] < 1. (36)

While the proof of the theorem is rather technical, the main ingredients can be divided
into two steps. The first is to prove that wp; is a well-defined stochastic process that
takes values in S/,. The second is to invoke the computation in (28) which linearly and
continuously transforms wpe; into a random ReLU neural network. This transformation
allows us to derive the characteristic functional of sgrer,y in terms of the characteristic
functional of wpe;. The proof appears in Appendix A.

4.1 Restrictions to Compact Domains

Recall from (3) that, for any A > 0 and admissible Py (in the sense of Definition 5), the
restriction of the random neural network sger,u ~ RP(A; Py) to a compact domain, say, the
unit ball B is a random Poisson sum of the form

Ny
SR@LU‘B‘f () = wix + by + Z vp ReLU(w] z — by,), (37)
k=1

where the width N, is a Poisson random variable. The reader can quickly check that the
activation thresholds that intersect B¢ correspond to Poisson points that lie in S¥~1 x [—1,1].
Thus, the number of neurons N} is a Poisson random variable with mean A|S?~! x [—1,1]|,
which is A\ multiplied by twice the surface area of the (d — 1)-sphere. For general compact
domains Q C R?, following Parhi and Nowak (2023a, Section IV), we define

Zo={(w,b) e ST xR: {x: wz=0}NnQ+#a}. (38)

Then, the restriction sReLU|Q is a random neural network whose width V) o is a Poisson
random variable with mean A\|Zq|. As A — oo, we see that E[N) o] — oco. Therefore, the
asymptotic setting (A — oco) corresponds to the infinite-width regime.

5. Properties of Random ReLU Neural Networks

The characteristic functional (35) allows us to derive the first- and second-order statistics
of sreru as well as infer some of its other properties such as isotropy and wide-sense
self-similarity. We summarize these properties in Theorem 10.

Theorem 10 For A\ > 0 and admissible Py (in the sense of Definition 5), let sreLu ~
RP(N; Py). Then, the following statements hold.

1. The mean of sreLu s given by

EfsneLu(2)] = AE[V] /R /S ka(w,t)dudr, (39)

where ky is defined in Theorem 9.

11



PaArHI, BoHRA, EL BIARI, POURYA, AND UNSER

2. If Py has a finite second moment, then the autocovariance of SrerLU @S given by

Csperv (@, Y) = E[(sreLu(x) — E[sreLu(2)]) (SReLu(Y) — E[sreru(y)])]
= AXE[V?] (Hm —yl3 = =3 — yl3 + 3z Ty (||l]2 + ||y||2))7 (40)

where A = 2d+37r1;/(2_1ﬂ3’(/(313)/2) and T'(+) is Euler’s gamma function.

3. The process sreLU %S isotropic, i.e., it has the same probability law as its rotated version
sreLu(UT-), where U is any (d x d) rotation matriz.

4. If Py has zero mean and a finite second moment, then sreLu s wide-sense self-similar
with Hurst exponent H = 3/2, i.e., it has the same second-order moments as its scaled
and renormalized version a™ sgeru(-/a) with a > 0.

5. The process sreLu 18 non-Gaussian.

The proof of Theorem 10 can be found in Appendix B. We mention that the expression
of the autocovariance in (40) is remarkably simple. This is in contrast to prior works that
either (i) do not provide a closed-form expression (Lee et al., 2018; Yaida, 2020; Hanin,
2023), or (ii) provide a closed-form expression, but do not consider the ReLU activation
function (Williams, 1996). Furthermore, other than the work of Yaida (2020), these prior
works only consider the infinite-width regime.

6. Asymptotic Results

In the literature, there has been a lot of work on studying the wide limits of random neural
networks. Here, we present an asymptotic result for random ReLU neural networks with
i.i.d. weights drawn from an SaS law. The proof appears in Appendix C.

Theorem 11 For n € N, let s} v ~ RP(A = n;Py) with Py being a symmetric a-
stable law with scale parameter bn(=1/®) 10 where o € (1,2] and b € Ry, that is, Py (€) =
exp (—%). Then, we have

n "g o0
SReLU 7, " SReLU> (41)

where sR; 1y 15 a well-defined generalized stochastic process that takes values in S'(R?) and
has the characteristic functional

Poze,o () = exp(— bl They (e} ), » € SR, (42)

When a = 2, the SaS law is the Gaussian law. In this case, we can deduce that sZ,;
is indeed a Gaussian process (see Appendix C). On the other hand, for a € (1,2), we can
readily see that sR; ; is non-Gaussian. Therefore, we have rigorously shown that wide limits
of random neural networks are not necessarily Gaussian processes.

10. Similar to Neal (1996); Lee et al. (2018), the scale parameter inversely depends on the expected width of
the network.

12
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(c) A =100 (d) A = 1000

Py is Gaussian.

y

(a) A=1 (b) A =10 (c) A =100 (d) A = 1000

Figure 2: Py is symmetric (o = 1.25)-stable.

We illustrate these observations numerically in Figures 1 and 2, where we generated
random neural networks with Py being Gaussian (o = 2) and non-Gaussian (o = 1.25),
respectively. There, we plot a top-down view of realizations of random neural networks for
A € {1,10,100,1000} where we color the linear regions with the magnitude of the gradient
of the function. Figure 1(d) looks like a two-dimensional Gaussian process, while Figure 2(d)
remains to look CPwL (non-Gaussian). Discussion on how we generated the random neural
networks numerically along with some additional figures appear in Appendix D.

7. Conclusion

We have investigated the statistical properties of random ReLU neural networks. We proved
that these networks are well-defined non-Gaussian processes in the non-asymptotic regime.
We showed that these processes are isotropic and wide-sense self-similar with Hurst exponent
3/2. Remarkably, the autocovariances of these processes have simple closed-form expressions.
Finally, we showed that, under suitable hypotheses, as the expected width tends to infinity,
these processes can converge in law not only to Gaussian processes, but also to non-Gaussian
processes depending on the law of the weights. These asymptotic results recover the classical
observation that wide networks converge to Gaussian processes as well as prove that wide
networks can converge to non-Gaussian processes. Although the presented investigation
only considered shallow random ReL.U neural networks, an important direction of future
work would be to generalize our exact characterizations to deeper networks. To that end,

13
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the techniques developed by Zavatone-Veth and Pehlevan (2021) could provide a starting
point for that investigation.
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Appendix A. Proof of Theorem 9

As preparation before the proof of Theorem 9, we collect and prove some intermediary
results. To begin, we shall first prove that wp; is a well-defined stochastic process taking
values in Sé. Recall that wpe; is an impulsive white noise that is realized by a Poisson-type
random measure of the form

Wpoi = Z Uk 5(ewk7bk), (43)
keZ

where vy, i Py for some admissible Py (in the sense of Definition 5) and the collection of
random variables ((wy, by))ycz is @ (homogeneous) Poisson point process on S*~! x R with
rate parameter A > 0. This point process satisfies the following properties.

1. The (wg, bx) are mutually independent.

2. For any measurable subset II € S%~! x R, if we define the random variable

N = [{(wg, bg) : (wg, bg) € I}, (44)
then "
P(Ny = n) Wf’)e—m, (45)

where |II| denotes the d-dimensional Hausdorff measure of II. That is to say, Ny is a
Poisson random variable with mean A|II|.
3. For any measurable subset B C S x R,
BNII
P((wi.tu) € B (web) € ) = P (46)

That is to say, if a point lies in II, then its location will be uniformly distributed on II.

Lemma 12 The random measure wpy; can be viewed as a measurable mapping
wpoi © (2, F,P) = (S, B(S)) (47)

with characteristic functional given by

P (1) = exp ()\ /R /R /S N (™)~ 1) du dthv(v)>, (48)

where du denotes integration against the surface measure on S*1.
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Proof Let D(RY) C S(RY) denote the space of infinitely differentiable and compactly
supported functions on R?. Let Dy = %’(D(Rd)) denote the range of the Radon transform
on D(R?). We now summarize the properties of Dy that are relevant for our problem (cf.,
Ludwig, 1966). First, Dy is a closed subspace of D(S%~! x R), the nuclear space of infinitely
differentiable and compactly supported functions on S ! x R and is therefore nuclear.
Furthermore, Dy is dense in Sy, which implies that S/, is continuously embedded in D).
In particular, D is the subspace of compactly supported functions in Sg.

Next, we shall prove that wpy; can be viewed as a measurable mapping

wpoi ¢ (Q, F,P) = (Dly, Bo(Dly)) (49)
by computing its characteristic functional proi on Dyt Let ¢ € Dy and let
Ny = |[{(wg, bg) : (wg,by) € suppy}|. (50)

We have, by definition, that

Ny

<wPoivw>D’% xDg — ngi,(b(w;ﬂ’bgﬁ‘)’ (51)
k=1

where we use an appropriate relabeling of {vg, wg, by : (wg,br) € supp ¥ }. Therefore,

proi (w) = E[ei<wPOivw>D/ﬂ * D@]
— B[t Se vk b))

.
=E|E|[]e" ™% | N,
k=1

Ny
— B[] B[evhvtei s Nw} (52)
k=1

Ny
= B| [[ Blevieti ]
k=1

Ny
—E H E E[eivéw(wkvbk)
k=1

gl

Ny
=E|[[E ! RV (WD) 4 (q, b)] (53)
k=1

L |Supp 1/)| supp ¢

_sz
1 .

=E // VP (WD) 4 (4w, b) APy (v) |, 54

H|Suppw| R Jsupp vy ( ) V() ( )

11. Note that Dg is not Fréchet so we use the cylindrical o-algebra as opposed to the Borel o-algebra.
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where (52) holds by the mutual independence of the (wy, by) and (53) holds since the random
variables

(wp, b) | (wy, bf,) € supp (55)

are uniformly distributed on supp . Next, define the auxiliary functional

= / / V(W) q(w, b) APy (v). (56)
R Jsupp ¢
We have that

- Ny

o M)
Quea() =B T

_ i( M(y) )n()\|supp¢|)”e,\suppw| (57)

|supp 9| n!

n=0

_ o Msuppy nzo (AMn('l/f)>”

— o~ Alsupp Y| AM () (58)
= exp(A(M(¢)) — |supp|) (59)

:exp< //Sd 1XR ““ﬁ —1)dzdPV( )) (60)

where (57) holds since Ny, is a Poisson random variable with mean A|supp |, (58) holds by
the Taylor series expansion of ¢ — e', (59) holds since [supp¢| = [, 1dz, and (60) holds
since z — e¥(2) — 1 vanishes outside supp . At this point, we remark that, since Py is a
Lévy measure (Definition 5), it is well-known that the form of (60) is continuous, positive
definite, and satisfies proi(O) =1 (see, e.g., Gelfand and Vilenkin, 1964, Theorem 2, p. 275).
This implies that wpe; is indeed a generalized stochastic process that takes values in D/,.
To prove the lemma, it remains to extend the domain of proi to S%. To that end, let

~

Py, (1) = exp ()\ /R /S o R(é’“l’(z) — 1) dz dPV(v)>, b€ Sy. (61)

We now invoke an adaption of Fageot et al. (2014, Theorem 3) which investigates impulsive
white noise defined on R? as a special case. Their theorem implies that, thanks to the

admissibility conditions on Py (Definition 5), the probability measures Qup,, and Py, , are
compatible on B(S),) = B.(S);) C Bc(D/;) in the sense that

Qupy; (B) = Pupy (B), forall B € B(S%) (62)
and Qup,,; (D% \S%) = 0, which proves the lemma. [ |
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Let Sa(RY) := A(S(R?)) denote the range of the Laplacian operator on S(R?). This is a
closed subspace of S(R?). Observe that its dual S’ (R?) can be identified with the quotient
space S’(RY)/Na, where

Na={feSRY): Af =04 (f,¢)smajxsma =0 for all ¢ € SA(RY)}.  (63)

is the null space of the Laplacian operator. It is well-known that A/a is infinite-dimensional
and that its members are necessarily polynomials, the so-called harmonic polynomials.
Therefore, the members of S’A(Rd) are actually equivalence classes of the form

[f]={f+h: heNa}teSA(RY, (64)

where f € S'(R%). With this notation, we now prove Theorem 9.
Proof [Proof of Theorem 9] Recall that Treu = KZ A and so Ty = AZ* K. Observe
that, by Proposition 4,

Theru : Sz — Sa(RY) (65)

is a continuous bijection, where we equip the closed subspaces S C S (Sd_l x R) and
SA(R?) ¢ S(RY) with the subspace topology from their respective parent Fréchet spaces.
By the open mapping theorem for Fréchet spaces (see, e.g., Rudin, 1991, Theorem 2.11),
there exists a continuous inverse operator

Reru - SA(RY) = Sz (66)

with the properties that that The .y Thepy = Id on SA(R?) and Thoy Thery = Id on Syp.
Therefore, by duality, we have the continuous bijections

TReLU : S/A(]Rd) — Sgﬁ

TRery + S = Sh(R?), (67)

where we recall that S (R?) 2 S'(R%) /Na.
Next, we note that the operator

T o [ () do (65)

specified in (33) continuously maps Sa(R?) — Sy (cf., Parhi and Unser, 2025, Equa-
tion (A.3)). Observe that, by Proposition 7, its extension by duality TEBLU : S, — SA(RY)
coincides with T ;. In particular, TltfeLU imposes the boundary conditions from (24) on
the affine component of the harmonic polynomials in the equivalence classes in S) (RY). Said

differently, the range space TKeLU (Séj) is the closed subspace of S\ (RY) whose equivalence
class members [s] € Si (R?) additionally satisfy

[(0™ga) * s0](0) = 0,|m| <1 (69)

for all sg € [s]. Therefore, we can rewrite the SDE (34) as

£
s = TEeLU WPoi (70)
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where the equality is understood in S (R?), i.e.,

j E%x
<57¢>S’A(Rd)><SA(Rd) = (TEQLU wPoia¢>S’A(Rd)x$A(Rd) = <7~UPoi,T;r:LeLU ¢>5'§,x3@7 (71)

for all ¢ € SA(RY). The above equality implies that the characteristic functional of any
solution s to (70) (and, subsequently, the original SDE (34)) takes the form

P,($) = Py (6) = Pupy, (Thiu 0)- (72)

ReLU WPoi

This characteristic functional is well-defined for any ¢ € Sa(R?) since TK:LU ¢ € S¢, which
ensures that the right-hand side is well-defined by Lemma 12.

Since iy = TTR‘SeLU Wpoi via the computation in (28), we see that s¢; (; is one member
in an equivalence class in &’'(R%)/Na. In particular, this implies that sgrepy € S’(R?) and
that the equivalence class [s5.;y] = {sgeLyTh: b € Na} is a well-defined stochastic process
that takes values in S (R?) = 8'(R%)/Na whose characteristic functional on Sa is given
by (72). Equivalently stated, the full set of tempered weak solutions of the SDE (34) has
members that necessarily take the form s§.;; + h, where h € Na is a harmonic polynomial
of degree > 2 (since boundary conditions of the SDE, imposed by TKGLU, force the affine
component of all solutions to be the same). Consequently, from these boundary conditions,
we readily see that the only CPwL solution to the SDE is s -

To complete the proof we need to derive the form of the characteristic functional of
s&.Lu on the larger space S(R?) D Sa(RY). For any ¢ € S(R?), we have that

Z
(55eLUs P/ (R xS = (Thapy Whois ) (Re) xS (R (73)
From the expression of the kernel (u,t) — kZ(u,t) in (26) we see that (i) it is continuous
in the variables (u,t) € S¥! x R and (ii) it decays faster than any polynomial in the

t-variable. Therefore, for every ¢ € S(R?), the function T E:LU{QO} is a continuous function
in (u,t) € S¥! x R that decays faster than any polynomial in the t-variable. In particular,
this ensures that, for any 1 < p < oo, the map

TiE* 5 S(RY) — LP(ST! x R) (74)
is continuous.

The right-hand side of (73) is, by definition, the integration of TE:LU{‘P} against the
locally finite Radon measure wpy;, i.e., for any ¢ € S(R?) we have that

Z *
(SReL U @>3'(Rd)xs(Rd) = /sd ) RTEeLU{SO} d(Z Uk 5(ewk,bk)>
X

keZ
= Z Uk /d TE:LU{SD} dé?’wk,bk)
kez -
= Z Vk TReLU{(‘O} wy, by), <75)
keZ
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where interchanging of the integral and sum in the second line is well-defined due to the
tex

regularity of T ;{¢} and the third line uses the fact that the range of TK;LU on S(RY) is
a space of even functions. This proves that

PSERCLU (SD)

= ﬁwpoi (TI{E;LU ) = exp <)\/ / / <eiv Tih vl ut) 1) du dt dPV(v)>, (76)
R JR JSd-1

for all ¢ € S(RY), where the last equality comes from Lemma 12. We shall now ver-
ify that f)sEReLU is a valid characteristic functional on S(R?). This then implies that
séqoau ¢ (Q,F,P) — (S'(RY),B(S'(RY)) is a measurable mapping and therefore a well-
defined stochastic process.

Observe that the second admissibility condition on Py (Item 2 in Definition 5) states
that Py has a finite absolute moment. This is a sufficient condition to ensure that this
characteristic functional (76) is well-defined for every ¢ € S(R?). Indeed, we have that

¥(§) =\ [ (¢~ 1) dPy(v) < AEI (V1) (77)

where V' ~ Py (cf., Unser et al., 2014, p. 1952). Therefore,

P — i T ut
Pt o (9) = exp <A /R /R /S . (e TRt 1) duat dPV(v)>
= oxXp (/ \II(TTRSJLU{‘:O}> dZ)
Sd-1xR

< exp(C | Tl
< 0, (78)

for any ¢ € S(R?), where C = AE[|V|] < oo, where in the last line we used (74) with
p = 1. Since TKJLU : S(RY) — LY(S?T! x R) linearly and continuously, Proposition 3.1 of
Fageot and Unser (2019) then guarantees that f)SEReLU is continuous, positive definite, and
satisfies P s5.py (0) = 1. Therefore, the Bochner—Minlos theorem ensures that f)SEReLU is the
characteristic functional of the well-defined stochastic process sg .y -

In the limiting scenario of ¢ — 0, we see that the random neural network sgeru ~
RP(\; Py) is a measurable mapping (Q, F,P) — (S'(R?), B(S'(R?)) whose characteristic
functional is

f’sReLU(so)zexp<A / / / (ei”TFeLU{%D}<“¢L1) dudthv(v)>, ¢ € S(RY), (79)
R JR JSd-1

where we observe that this limiting characteristic functional remains to be valid in the sense
of the Bochner—Minlos theorem since the property that, for any 1 < p < oo, the map

Th v S(RY) — LP(ST! x R) (80)
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is continuous, remains to be true since ky = lim._, k5 (pointwise limt) is compactly sup-
ported. Consequently, sgeru is the unique CPwL solution to SDE (36).'2 |

Appendix B. Proof of Theorem 10
Proof

1. Thanks to the moment generating properties of the characteristic functional (Gelfand
and Vilenkin, 1964), the mean functional of sger,y can be obtained as

L d s
Hspery (9) = E[(SReLU, ©) 5/(Re) x S(RA)) = (—1)d*§PSReLU (590)’5207 (81)

where ¢ € § (Rd). First, observe that the characteristic functional of srep,uy can be
written as

~

P () =on( [ 9(Thuulo)e) az) (52)

with W defined as in (77). Here, note that we have
¥(z) = iA / vel™® APy (v). (83)
R

Let us denote h(z) = TE‘eLU{go}(z). By applying the chain rule, we can write

~

P —en( [ wenena) [ wie@meae 6

On setting £ = 0, we get

d 5 /
4 Ponaw (ggp))ézo — w'(0) /R OIS (85)

as ¥(0) = 0. Therefore, the mean functional is

d ~

Hsgeru (90) = (_i)EPSReLU (5@)‘520

BV [ Thule))dz
Sd-1xR

ARV /R d /R /S kalu, (@) dudtda. (86)

Next, we establish a link between the mean functional of sge,u and the quantity
E[sgreru(x)]. Since srerLu has a pointwise interpretation, we have

(snea P)sopeszn = [ snan(@)(z) . (57)

12. The mollifier argument is necessary in order to make sense of the boundary conditions (36) for elements
of §'(R?) that are not regular enough for the derivatives to exist.
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Consequently, the mean functional can also be computed as

Hspery (9) = E[(8ReLU; ¥) 5 (R xS(RY)] = E [/R sreLU(T)p(T) d

d

- /R Elshay (@)]p() da, (88)

where exchanging the expectation and the integral is justified by the Fubini—Tonelli
theorem since the integrand in (86) is absolutely integrable by (80) with p = 1. On
comparing (88) with (86), we see that

E[sreLu(z)] = AE[V] /R /S | ke(ut)dudt. (89)

. The covariance functional of sger,y is given by

YsnerLu (‘Pla 902)
=E [(<3ReLUa P1) s/ (RY)xS(RA) — HsReLU(¢1)> (<5ReLUa P2) s/ (RY)xS(RA) — MsReLU(W))]
= ResgeLu (9017 SO?) — HsgerLu (‘pl)MSRCLU (902)7 (90)

where ¢1, 02 € S(R?) and

Rsperv (91, 92) = E | (SReLU, P1) 57 (Rd) x S(R) <3ReLUa902>S’(Rd)><S(Rd)} (91)

is the correlation functional of spepy. This quantity can be computed from its
characteristic functional (cf., Gelfand and Vilenkin, 1964) as

2

Resgeru (901’ 902) = _mf’SReLU (51901 + 52902) £1=0,£2=0" (92)
Let us first define the quantity f(&1,&2) as
f(61,&2) = / ‘I’<TE;LU{§1<P1 + 52@2}(Z)> dz
Sd-1xR
= [ w(aThuta)@) + e Thauled@) dz. (@3

Further, let us denote hi(z) = TTR*GLU{wl}(z) and ha(z) = TKGLU{wg}(z). By applying
the chain rule twice, we write
2 =
P,
e, e, L Preu (§101 + Ea¢2)

2
— exp(£(61,6)) (dsd&f@bsz) T f&f@l,@)f&f@bgﬂ),
(04)
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where

@) = [ Wem) + b)) he(z) dz (95)

and
d2
CISTEIS)
On setting &1 = 0 and & = 0, we get

Tl €e = [ ViahE) - ahE)hE@mnE e 00

d? -
mPSReLU (€101 + &2002)

= \II”O/ hi(2)ho(z)dz
e YO [ hihalz)

+ <\1ﬂ(0) /S o hl(z)dz> (xp’(@) /S o hg(z)dz)

(97)
Note that we have
V() = -\ / V26 APy (1), (98)
R
Thus, the correlation functional is of the form
d2
Rs , P,
ReLU (901 QO?) df df ReLU (El(pl + 52902) 120,650
([ Thaolo) @) Thaolene) dz )
Sd-1xR
+ Hsgery (‘pl)MSReLU (302)' (99)

Consequently, the covariance functional is given by

ESReLU (9017 902)
B[V / Tl ol (z) Thole) (2) dz

_ B[V /Rd/w//g“ (u, )y (w0, D)1 (@) (y) dudt dady.  (100)

Next, we derive the connection between the covariance functional of sger,u and the

autocovariance E[(SRGLU(Q’J) - E[SReLU(m)D(SReLU(y) - E[sReLU(y)])]. Since SReLU
has a pointwise interpretation, the covariance functional can also be computed as

YsperLu (8017 ‘102)
= E[<<5ReLU7‘;01>S’(Rd)><8(Rd) Msperu (91 )( SReLU> 2) 8/ (Rd) x S(R) — MsReLU(W)ﬂ

- [( [ (sras@) - Elsmau (@) (@) da ( /. <SRGLU<y>—E[sReLU<y>J>soz<y>dy)}

= [, [ Bllsnau(@) ~ Elsmawo @) (sre(w) — Blsnen ()l (2)e2(v) do dy.
(101)
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where exchanging the expectation and the integral is justified by the Fubini—Tonelli
theorem since the integrand in (100) is absolutely integrable from (80) with p = 2. If
we compare (101) with (100), we see that

Csperv (T, Y) = E[(sReLu(®) — E[sreLu(2)]) (sReLU(Y) — E[srerLu(y)])]

= )\E[V2]/R/Sd1 koo (w, t)ky (u, t) dudt. (102)

To simplify the double integral in (102), we first observe that, by definition,
(x,y) — // ka(w, t)ky(u,t) dudt, (x,y) € R x RY, (103)
R Jgd—1

is the (Schwartz) kernel of the operator TEELU TTR*eLU. Next, we note that the right-

inverse operator can be equivalently specified as the composition of operators T{;eLU =
(Id — P)A~1 %* (cf. Unser, 2023, Equation (57)), where A~! is the Riesz potential of
order 2, i.e., it is the Fourier multiplier

~ ~

(—A)2 f(w) = |wly” flw), weRY, (104)

with v = 2, and P is the projection onto the space of affine functions adapted to the
boundary conditions of the SDE (36). Concretely,

d
P{f} =Y (60, f)Pn, (105)
n=0

where po(x) = 1 and p,(x) = x,, n =1,...,d is a basis for the space of affine function
on R? and ¢y = 6 (Dirac distribution) and ¢,, = —&, == —0,,, n = 1,...,d, is the
linear functional that evaluates the partial derivative in the nth component at 0, i.e.,
(O, f) = 0z, f(0), n=1,...,d. Consequently, the adjoint projector is given by

d
P{f} = (P, )on- (106)

n=0

With this notation, we have that

(Id —=P)A~ ' %#* % A~ (1d — P¥)
d—1

(Id—P)A™1(=A)" 2 A™}Id - P¥)
(Id — P)(—A)~ 3" (Id — P*), (107)

T T
TRerv TReLU

where the second line follows from Proposition 4. The (Schwartz) kernel of the operator

(generalized impulse response) can be identified with (x,y) — TRQLU TEQLU{(F(- -
y)}(x). We have that

d d
(1d=P"){S(- — )} =60 — ) = S (06 — )b = (- —y) =6+ > y1dl,, (108)

k=0 n=1
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where we used the property that the shifted Dirac distribution is the sampling functional.
Next,

d
(—A)~ % (1d = P){5(- — y)}(x) = A(Hw —yl3 - [|lz|3 + Zm(sxnrwuz))
n=1

= A(lle - yll} - =)} + 32Ty |=]2),  (109)

where A = 2d+37r5/(2_1ﬂ32/(2r3)/2) and we used the fact that = — Al|z|3 is the radially

symmetric Green’s function of (—A)% (Gelfand and Shilov, 1964). Finally,

(Id— P)(~A)~%" (Id = P*){8(- — y)}(x)

d
= Al — I3 — =l + 32Ty ) —A<Hy||§’ - Z:synnyuzxn)
n=1

= A(lle -yl — =13 Iyl + 32Ty 2]z + yll2))- (110)

Putting everything together, we find that the autocovariance takes the form
Coperrr (@) = MEV (Il =y} = lall} — lyl13 + 32 y(llls + llyll2) ). (111)

. In order to show that srepu is isotropic, we will show that its characteristic functional
satisfies

P () = Popy (0(U) (112)

for any ¢ € S(R?) and any (d x d) rotation matrix U. First, we note that the kernel
of TJ{%LU can be written as

Ty —
ka(u,t) = ReLU(u"a — t) — (“‘”2“ - Z' + (uTm)Sgg(t)
= ReLU(u'@ —t) + (u'x)hy (t) + ha(t), (113)
where hy(t) = % and ho(t) = tTH Let U be a (d x d) rotation matrix. Then,

we have

T o {e(U)}(u,t) = / b (0, £)p(Uz) dz

/ kutz(u, t)p(x) de (114)

_/ kz(Uu, t)p(F) d (115)
]Rd

= TE {e}(Uu,t). (116)

The transition from (114) to (115) is possible because

kyrz(u,t) = ReLU(uw'UTZ — t) + (u' UTE)hy(t) + ho(t)
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= ReLU((Uw)"Z — t) + (Un) " )Ry (t) + ho(t)
= kz(Uu, t).

From Theorem 9, the characteristic functional of spepy is given by

P (o) =on( [ [ (Tt wn) duat) (117

with W defined as in (77). Thus, based on (116) and (117), we can write
P (0) =exn( [ [ (Tl o(u) () duct)
— exp < /R /S N ¥ (Thpuleh(Uu, 1)) du dt>
= exp ( /IR /S (TR et ) da dt)
()

= :/P\SReLU : (118)

4. In order to show that sgep,y (when Py has zero mean and a finite second moment) is
wide-sense self-similar with Hurst exponent H = 3/2, we will show that for a > 0,

@M Elsgeru(/a)sreLu(y/a)] = Elsgerv () sreLu (y)]- (119)

Since Py has zero mean, based on (39), we have that E[sgeru(x)] = 0. Thus, using
(40), we immediately see that

E[sreru(®/a)sreru(y/a)] = a *ElsreLu () sreLu(y)]. (120)

5. From the mean and covariance functionals in (86) and (100), respectively, and the
form of the characteristic functional (35), we deduce from Definition 3 that sgeru is
non-Gaussian, even when Py, has a finite second moment

Appendix C. Asymptotic Results

To prove Theorem 11, we rely on a generalized version of the Lévy continuity theorem from
Biermé et al. (2018, Theorem 2.3), which we state below.

Theorem 13 (Generalized Lévy continuity theorem) Let (s,)nen be a sequence of
generalized stochastic processes that take values in S'(RY) with characteristic functionals
(f’sn)neN. If 135n converges pointwise to a functional Q : S(RY) — C that is continuous at
0, then there exists a generalized stochastic process s such that its characteristic functional

: S A &z
satisfies Py = Q and s, —— s.

n—oo
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Proof [Proof of Theorem 11] By Theorem 13, we need to show that

~

1. for every ¢ € S(RY), the sequence (P & (cp)) converges to
ReLU neN

P (9) = exp (o)l Thor (0} 1) (121)

and
2. the functional P s,y 18 continuous on § (R9).

We first show that, for every ¢ € S(R?),

llm PSReLU (SO) = PS%C;LU ((10) (122)

n—oo

Our derivation is inspired from the proof of Lemma 2 of Fageot et al. (2020). Since s}y
is a bona fide generalized stochastic process that takes values in S'(R?), the functional
PSReLU (¢) is well-defined for ¢ € S(R?). On the other hand, we observe that Py ()

SReLU

is also well-defined for ¢ € S(R?) due to (80). Next, we prove the convergence. The
characteristic functional of s{;; is

PSRCLU = Xp (/ /Sd ) ReLU{SD}(u t)) du dt>7 (123)

where
U, (€) = n(e—% -1). (124)
For a fixed z € S9! x R, we have that

[bo(2)|“

Un(6(2)) = (e 1) —— —|po(2)]", (125)

where ¢ = TE;LU{@}. Thus, we need to show that

/ U, (6(2)) dz ——> _|b(2)|" dz. (126)
Sd-1xR

n—=00  Jsd-1xR
From p. 1058 in Fageot et al. (2020), we have that
T (9(2))] < V2[bo(2)|" (127)

The function z — |bp(2)|* is in L}(S?~! x R) due to (80). Thus, we can apply the Lebesgue
dominated convergence theorem to show that (126), and consequently (122), holds. Finally,
the continuity of P, e (p)onS (R9) follows from the fact that the operator TEELU continu-
ously maps S(RY) to Lp(Sd L'x R) for p € [1,2] (cf., Equation (80)). [ |
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Gaussianity of s3;; When o = 2, the characteristic functional of sg;{; can be written
as

P () =on( [ [ (Tl () wn)) duct). (129)

where p € S(R?) and ¥, (£) = —|b€|? for £ € R. Using the moment generating properties
of the characteristic functional (as in Appendix B), we get that the mean functional is

Hsge (p)=0, pe S(Rd)7 (129)

as U._(0) = 0, and the covariance functional is

s o (01,92) =2Ibl2/gd 1 RTEZLU{%}(Z) Th  u{pa}(2)dz, 1,02 € S(RY), (130)
X

as U7 (0) = —2|b|%. Thus, from (128)—(130) and Definition 3, we see that s3; ; is a Gaussian
process when a = 2.

Appendix D. Discussion of the Numerical Examples

We generated realizations of the random neural networks by taking advantage of the property
that Poisson points are uniformly distributed in each finite volume (cf., Equation (22))
combined with the fact that the width of a random neural network observed on a compact
domain is a Poisson random variable with mean proportional to the rate parameter A
multiplied by a property related to the geometry of the domain (cf., Section 4.1). In
particular, the random neural network realizations in Figures 1 and 2 were plotted on the
compact domain = [—1, +1]¢ and were generated according to the following procedure.

1. Generate a Poisson random variable Ny o with mean A\|Zq|, where Zq was defined in
(38).

2. Generate N) o points i.i.d. uniformly on the finite volume Zo C S%1 x R, which we
denote by {(wg, bk)}ff:*l@

3. Generate N) q i.i.d. random variables according to the law Py, which we denote by

N
{Uk}k:AfZ
4. Construct the random neural network
Ny.o
SRty (x) = Z Uk [ReLU(w;{m —b) +epx+cop (131)
k=1

according to the computation in (28) with ¢ — 0.

The resulting random neural network spif't7'c is, up to an affine function, a realization

of RP(A; Py ). Finally, in order to highlight the linear regions of the generated networks,
we color the top-down plots in Figures 1 and 2 according to the magnitude of the gradient
of sﬁ%‘ﬁ%ﬁc. As the color map choice is arbitrary, the resulting plots are thus realizations
of RP(A; Py) (since the magnitude of the gradient of an affine function is a constant, and
therefore simply shifts the color map). We include some additional plots of the random
neural networks in Figures 3 and 4. These figures are surface plots of the random neural

networks in Figures 1 and 2, respectively.
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t’ 42!* By >4
| v A
() A=1 (b) A = 10 (¢) A =100 (d) A = 1000

Figure 3: Py is Gaussian.

O v 4

(a) A=1 (b) A =10 (c) A =100 (d) A = 1000

Figure 4: Py is symmetric (o = 1.25)-stable.
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